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Preface

A unified theory of superconductivity in elements, compound and cuprates is pre-
sented. Superconductivity is the most striking phenomenon in solid state physics.
The electrical resistance due to impurities and phonons in a metal suddenly drops
to zero below a critical temperature 7,. Not all elemental metals show supercon-
ductivity, which suggests that the phenomenon depends on the lattice structure and
the Fermi surface. In a histric 1957 paper Bardeen, Cooper and Schrieffer (BCS)
start with a reduced Hamiltonian Hy containing “electron” and “hole” kinetic en-
ergies and a pairing interaction, calculate the ground-state energy E( to obtain
Ey = Nowgy, where Ny is the number of the Cooper pairs (pairons) and wg the
ground-state energy of a pairon, using the energy minimum principle. They also
obtain the zero temperature energy gap equation (18.32), the solution of which

yields the ground-state energy wy and the excitation energy E; = , /e,f + A2, where

€ is the “electron” (or “hole”) energy with the momentum k, and A, the energy
gap. The reduced Hamiltonian Hj and the trial ground-state vector can be written
in terms of the pairon variables only while only quasi-electron variables appear in
the gap equation. Hence it is impossible to guess even the existence of a gap in
the quasi-electron energy spectrum. We recalculate the ground-state energy and the
quasi-electron energy, using the standard quantum statistical methods. Our calcu-
lations are lengthy, but we have a major advantage: no need of guessing of the
trial ground-state vector. BCS extended their theory to a finite temperature. They
obtained a temperature-dependent energy gap equation, the solution of which yields
the famous connection between the critical temperature 7, and the zero-temperature
gap Ag: kgT. = (1.77)" ' Ap.

The cause of superconductivity is well established by the BCS theory. It is the
phonon exchange attraction, which binds a Cooper pair composed of two electrons
with opposite spin directions. The Center-of-Mass (CM) motion of a composite
is bosonic (fermionic) according to whether the composite contains an even (odd)
number of elementary fermions. The Cooper pairs, each having two electrons, move
as bosons. In the ground state there can be no currents super or normal. We must
consider moving pairons with finite CM momenta for the supercurrents. Cooper
found that Cooper pairs move with a linear dispersion relation: € = wo+ (1/2)vgp,
where vp is the Fermi velocity (magnitude). This relation was obtained for a three-
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dimensional (3D) system. For a 2D system, we obtain € = wgy + (2/m)vgp. Flux
quantization experiments indicate that the charge carriers in the supercurrent have
the charge (magnitude) 2e in agreement with the BCS theory. Josephson interference
in a Superconducting Quantum Interference Device (SQUID) show that the pairons
move as bosons with a linear dispersion relation just as the photons in a laser.
The systems of free pairons, moving with the linear dispersion relation, undergo a
Bose-Einstein Condensation (BEC) in 3D (2D). The critical temperature 7, is given
by ksT. = 1.01 hupn> (1.24 Twgny/?) where ng = No/V (No/A) is the pairon

density, and V (A) the sample volume (area). The interpairon distance ro = n, 173

(n(;l/z) is several times greater than the BCS pairon size & = 0.181 hvg(kp )~
Hence, the BEC occurs without the pairon overlap, which justifies the free-pairon
model. The superconducting transition will be regarded as a BEC transition. The
electronic heat capacity in YBa,CuszO7_s has a maximum at 7, with a shoulder
above T,, which can only be explained naturally in terms of a model in which many
pairons participate in the phase transition. (No feature above T, is predicted by the
BCS theory.) Above T, pairons move independently in all allowed directions, and
they contribute to the resistive conduction. Below 7, condensed pairons move with-
out resistance. Non-condensed pairons, unpaired electrons and vortices contribute
to the resistive conduction.

In 1986 Bednorz and Miiller reported a discovery of high-temperature (high-
T,) cuprate superconductors (BaLaCuO, T, ~ 30 K). Since then many investiga-
tions have been carried out on high-7, cuprates. These cuprates possess all basic
superconducting properties: zero resistance, sharp phase change, Meissner effect,
flux quantization, Josephson interference, and gaps in elementary excitation energy
spectra. In addition these cuprate superconductors exhibit 2D conduction, short co-
herence length &, (~ 10 A), high critical temperature 7, (~ 100K), two energy
gaps, d-wave pairon, unusual transport and magnetization behaviors above T,, and
a dome-shaped doping dependence of T,.

Because the supercondensate can be described in terms of free moving pairons,
all of the properties of a superconductor can be computed without mathematical
complexities. This simplicity is in great contrast to the far more complicated rig-
orous treatment required for a ferromagnet phase transition. The authors believe
that everything essential about superconductivity can be presented to second-year
graduate students. Students are assumed to be familiar with basic differential, in-
tegral and vector calculuses, and partial differentiation. Knowledge of mechanics,
electromagnetism, solid state, and statistical physics at the junior-senior level and
quantum theory at the first-year graduate level are prerequisite. A substantial part of
the difficulty that students face in learning the theory of superconductivity lies in the
fact that they should have not only a good background in many branches of physics
but also be familiar with a number of advanced physical concepts such as bosons,
fermions, Fermi surface, “electrons,” “holes,” phonons, density of states, phase tran-
sitions. The reader may find it useful to refer to the companion book, Quantum
Theory of Conducting Matter by Fujita and Ito. Second quantization may or may
not be covered in the first-year quantum course. But this theory is indispensable in



Preface vii

the microscopic theory of superconductivity. It is fully reviewed in Appendix A.
The book is written in a self-contained manner. Thus, non-physics majors who want
to learn the microscopic thory of superconductivity step by step with no particular
hurry may find it useful as a self-study reference. Many fresh, and some provoca-
tive, views are presented. Experimental and theoretical researchers in the field are
also invited to examine the text. Problems at the end of a section are usually of the
straightforward exercise type, directly connected with the material presented in that
section. By doing these problems one by one, the reader may grasp the meanings
of the newly introduced subjects more firmly. The book is based on the materials
taught by S. Fujita for several courses in quantum theory of solids, advanced topics
in modern physics, and quantum statistical mechanics at the University at Buffalo.

The authors thank the following individuals for valuable criticisms, discussions
and readings: Professor M. de Llano, Universidad Nacional Auténoma de México;
Professor T. Obata, Gunma National College of Technology, Japan. They thank
Sachiko, Amelia, Michio, Isao, Yoshiko, Eriko, George Redden and Kurt Borchardt
for their encouragement, reading and editing the text.

Buffalo, New York, USA Shigeji Fujita
Tokyo, Japan Kei Ito
México, D.F., México Salvador Godoy

July, 2008
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Useful Physical Constants

Quantity Symbol Value
Absolute zero on Celsius scale —273.16 °C
Avogadro’s number No 6.02 x 10%* mol~!
Boltzmann constant kp 1.38 x 10710 erg K~!
Bohr magneton B 9.22 x 1072! erg gauss™!
Bohr radius ap 5.29 x 10~ cm
Electron mass m 911 x107% ¢
Electron charge (magnitude) e 4.80 x 10719 esu
Gas constant R 8.314 I mol~! K~!
Molar volume (gas at STP) 2.24 x 10* cm® = 22.4 liter
Mechanical equivalent of heat 4.186 J cal™!
Permeability constant o 1.26 x 107 Hm™!
Permittivity constant €0 8.854 x 1072 Fm™!
Planck’s constant h 6.63 x 1077 erg sec
Planck’s constant/2w h 1.05 x 10727 erg sec
Proton mass m, 1.67 x 107 ¢
Speed of light c 3.00 x 10" cm sec™!
Mathematical Signs

equals

ANV 1

approximately equals
not equal to

identical to, defined as
greater than

much greater than
less than
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LR INIV A

—
S
=1

P71
s |1 ifa=b
“b=10 ifa#b
S(x)

much less than

greater than or equal to

less than or equal to

proportional to

represented by, of the order

the average value of x

natural logarithm

increment in x

infinitesimal increment in x

complex conjugate of z = x + iy, real (x, y)
Hermitian conjugate of operator (matrix) o
transpose of matrix o«

inverse of P

Kronecker’s delta

Dirac’s delta function

\Y% nabla or del operator
X =dx/dt time derivative
grad¢ = Vo gradient of ¢
divA=V_ A divergence of A
curlA=V x A curl of A
v? Laplacian operator
List of Symbols
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E total energy
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E electric field
e base of natural logarithm
e electronic charge (absolute value)
F Helmholtz free energy
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T. critical (condensation) temperature
Tr Fermi temperature
t time
TR sum of N particle trace = grand ensemble trace
Tr many-particle trace
tr one-particle trace
%4 potential energy
1% volume
v velocity (field)
w work
V4 partition function
=z fugacity
B = (kgT)™! reciprocal temperature
Ax small variation in x
S(x) Dirac delta function
+1 if P is even
{—1 if P is odd
€ energy
€F Fermi energy
n viscosity coefficient
Op Debye temperature
Of Einstein temperature
polar angle
wavelength
penetration depth
curvature
linear mass density of a string
chemical potential
B Bohr magneton
frequency = inverse of period
grand partition function
dynamical variable
coherence length
mass density
density operator, system density operator
many-particle distribution function
total cross section
electrical conductivity
Oy, 0y, 07 Pauli spin matrices
tension
duration of collision
average time between collisions
azimuthal angle
scalar potential
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v wave function for a quantum particle
dQ =sinfdod¢ element of solid angle

o =2mv angular frequency

W, rate of collision

wp Debye frequency

] commutator brackets

} anticommutator brackets
} Poisson brackets

] dimension of A

Compacted Expression

If A is B (non-B), C is D (non-D) means that if A is B, C is D and if A is non-B, C
is non-D.

Crystallographic Notation

This is mainly used to denote a direction, or the orientation of a plane, in a cubic
metal. A plane (hkl) intersects the orthogonal Cartesian axes, coinciding with the
cube edges, at a/h, a/k, and a/l from the origin, a being a constant, usually the
length of a side of the unit cell. The direction of a line is denoted by [hk/], the di-
rection cosines with respect to the Cartesian axes being h/N, k/N, and [/ N, where
N? = h? 4+ k* + 2. The indices may be separated by commas to avoid ambiguity.
Only occasionally will the notation be used precisely; thus [100] or [001] usually
mean any cube axis and [111] any diagonal.

B and H

When an electron is described in quantum mechanics, its interaction with a magnetic
field is determined by B rather than H; that is, if the permeability & is not unity
the electron motion is determined by pH. It is preferable to forget H altogether
and use B to define all field strengths. The vector potential A is correspondingly
defined such that V x A = B. B is effectively the same inside and outside the metal
sample.

Units

In much of the literature quoted, the unit of magnetic field B is the gauss. Electric
fields are frequently expressed in V/cm and resistivities in Qcm.
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The Planck’s constant over 2, h = h/2m is used in dealing with an electron. The
original Planck’s constant /4 is used in dealing with a photon.
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Chapter 1
Superconductors — Introduction

We describe basic properties, occurrence of superconductors, theoretical back-
ground, and quantum statistical theory in this chapter.

1.1 Basic Properties of a Superconductor

Superconductivity is characterized by the following six basic properties: zero re-
sistance, Meissner effect, magnetic flux quantization, Josephson effects, gaps in
elementary excitation energy spectra, and a sharp phase change. We shall briefly
describe these properties in this section.

1.1.1 Zero Resistance

The phenomenon of superconductivity was discovered, in 1911, by Kamerlingh
Onnes [1], who measured extremely small electric resistance in mercury below a
certain critical temperature 7, (=~ 4.2 K). His data are reproduced in Fig. 1.1. This
zero resistance property can be confirmed by a never-decaying supercurrent ring
experiment described in Section 1.1.3.

1.1.2 Meissner Effect

Substances that become superconducting at finite temperatures will be called super-
conductors in the present text. If a superconductor below T is placed under a weak
magnetic field, it repels the magnetic field B completely from its interior as shown
in Fig. 1.2. This is called the Meissner effect, which was discovered by Meissner
and Ochsenfeld [2] in 1933.

The Meissner effect can be demonstrated dramatically by a floating magnet as
shown in Fig. 1.3. A small bar magnet above T, simply rests on a superconductor
dish. If the temperature is lowered below T, then the magnet will float as indicated.
The gravitational force exerted on the magnet is balanced by the magnetic pressure

S. Fujita et al., Quantum Theory of Conducting Matter, 1
DOI 10.1007/978-0-387-88211-6_1, © Springer Science+Business Media, LLC 2009
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Fig. 1.1 Resistance versus temperature, after Kamerling Onnes [1]

Fig. 1.2 A superconductor expels a weak magnetic field from its body
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(part of electromagnetic stress tensor) due to the inhomogeneous magnetic field
(B-field) surrounding the magnet, which is represented by the magnetic flux lines.

Later more refined experiments reveal that a small magnetic field penetrates into
a very thin surface layer of the superconductor. Consider the boundary of a semi-
infinite slab. When an external field is applied parallel to the boundary, the B-field
falls off exponentially:

B(x) = B(0)e /%, (1.1)

as indicated in Fig. 1.4. Here X is called a penetration depth, which is on the or-
der of 500 A in most superconductors at lowest temperatures. Its small value on
a macroscopic scale allows us to describe the superconductor as being perfectly
diamagnetic. The penetration depth A plays a very important role in the description
of the magnetic properties.

1.1.3 Ring Supercurrent and Flux Quantization

Let us take a ring-shaped cylindrical superconductor. If a weak magnetic field B is
applied along the ring axis and the temperature is lowered below T, then the field
is expelled from the ring due to the Meissner effect. If the field is slowly reduced to
zero, part of the magnetic flux lines can be trapped as shown in Fig. 1.5. The mag-
netic moment generated is found to be maintained by a never-decaying supercurrent
flowing around the ring [3].

More delicate experiments [4,5] show that the magnetic flux enclosed by the ring
is quantized as

B
—x /A

B(x) = B(0)€

Fig. 1.4 Penetration of the

magnetic field into a le—>

superconductor slab. The A

penetration depth A is of the >X

order of 500 A near 0K vacuum —»<«——superconductor ———»

Fig. 1.5 A set of magnetic
flux lines are trapped in the
ring
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@, is called a (Cooper pair) flux quantum. The experimental data obtained by Deaver
and Fairbank [4] are shown in Fig. 1.6. The superconductor exhibits a quantum state
represented by the quantum number 7.

1.1.4 Josephson Effects

Let us take two superconductors (S;, S») separated by an oxide layer of thickness
on the order of 10 A, called a Josephson junction. This system as part of a circuit
including a battery is shown in Fig. 1.7. Above T,, the two superconductors, S;
and S,, and the junction / all show potential drops. If the temperature is lowered
beyond T, the potential drops in S; and S, disappear because of zero resistance. The
potential drop across the junction / also disappears! In other words, the supercurrent
runs through the junction I with no energy loss. Josephson predicted [6], and later
experiments [7] confirmed, this Josephson tunneling, also called a dc Josephson

effect.
S, 1] S,
Fig. 1.7 Two
superconductors, S; and S,
and a Josephson junction /

are connected with a battery
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Fig. 1.8 Superconducting
quantum interference device
(SQUID)

Let us take a closed loop superconductor containing two similar Josephson junc-
tions and make a circuit as shown in Fig. 1.8. Below T, the supercurrent / branches
out into /; and 1. We now apply a magnetic field B perpendicular to the loop. The
magnetic flux can go through the junctions, and the field can be changed continu-
ously. The total current / is found to have an oscillatory component:

I =19 cos(n®/Dy), (I = constant) (1.4)

where ® is the magnetic flux enclosed by the loop, indicating that the two super-
currents /; and I, macroscopically separated (~ 1 mm), interfere just as two laser
beams coming from the same source. This is called a Josephson interference. A
sketch of interference pattern [8] is shown in Fig. 1.9.

The circuit in Fig. 1.8 can be used to detect an extremely weak magnetic field.
This device is called the Superconducting Quantum Interference Device (SQUID).

—_—
Josephson Current
(Arbitrary Units)

-400 —200 0 200
Magnetic Field (mG)

1
400

Fig. 1.9 Current versus magnetic field, after Jaklevic et al. [8]
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In true thermodynamic equilibrium, there can be no currents, super or normal.
Thus, we must deal with a nonequilibrium condition when discussing the basic
properties of superconductors such as zero resistance, flux quantization, and Joseph-
son effects. All of these arise from the supercurrents that dominate the transport
and magnetic phenomena. When a superconductor is used to form a circuit with
a battery, and a steady state is established, all currents passing the superconductor
are supercurrents. Normal currents due to the moving electrons and other charged
particles do not show up because no voltage difference can be developed in a homo-
geneous superconductor.

1.1.5 Energy Gap

If a continuous band of the excitation energy is separated by a finite gap €, from
the discrete ground-state energy level as shown in Fig. 1.10, then this gap can be
detected by photo-absorption [9, 10], quantum tunneling [11], heat capacity [12],
and other experiments. This energy gap ¢, is found to be temperature-dependent.
The energy gap €,(T') as determined from the tunneling experiments [13] is shown
in Fig. 1.11. The energy gap is zero at T, and reaches a maximum value €,(0) as
the temperature approaches toward 0 K.

1.1.6 Sharp Phase Change

The superconducting transition is a sharp phase change. In Fig. 1.12, the data of
the electronic heat capacity C¢ plotted as C¢;/T against T, as reported by Loram
et al. [14] for YBay,CuOg., (2D superconductor) with the x-values are shown. The
data at x = 0.92 have the highest 7. There are no latent heat and no discontinuity
in C¢ at T,. Below T, there is a complex long-range order, which may be treated
by the Ginzburg-Landau theory [15]. For a 3D superconductor such as lead (Pb),

_/ / / / excitation energy

T continuum

&g

ground-state energy

Fig. 1.10 Excitation-energy spectrum with a gap
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Fig. 1.11 The energy gap €,(T) versus temperature, as determined by tunneling experiments, after
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Fig. 1.12 Electronic heat capacity C,; over the temperature 7 is plotted against 7. Loram et al. [14]
for YBa;Cu3Og, with the x values shown

there is a jump in the heat capacity and the phase change is of the second order
(no latent heat).

1.2 Occurrence of a Superconductor

The occurrence of superconductors is discussed in this section.

1.2.1 Elemental Superconductors

More than 40 elements become superconducting at the lowest temperatures.
Table 1.1 shows the critical temperature 7, and the critical magnetic fields at O K,
By. Most non-magnetic metals tend to be superconductors, with notable exceptions
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Table 1.1 Superconductivity Parameters of the Elements. Transition temperature in K and critical
magnetic field at 0 K in Gauss

Li |Be* B |C*¥| N | O | Ne
Na | Mg Al [Si*| P | S | Ar
7. =|1.18
B. =] 105
K|Ca|Sc| Ti|V |Cr|Mn|Fe|Co|Ni|Cul|Zn | Ga|Ge*| As |Se*| Kr
0.39 | 5.38 0.87 | 1.09
100 | 1420 53 51
Rb| Sr | Y| Zr [Nb|[Mo| Tc |Ru|Rh|Pd [Ag [Cd | In | Sn |Sb* | Te*| Xe
0.54(9.2010.92 | 7.77 | 0.51 3.40 3.40]3.72
47 11980 95 [1410] 70 293 ] 309
Cs*|Ba*| La | Hf | Ta [ W |Re |Os | Ir [Pt* | Au| Hg | T1 | Pb [ Bi* | Po | Rn
6.00 448 (0.01]1.69]0.65(0.14 4.1512.3917.19
1100 830 | 1.07 ] 198 | 65 19 412 | 171 | 803
Fr | Ra | Ac
Ce*| Pr [Nd|[Pm|Sm| Eu| Gd| Tb | Dy | Ho | Er [ Tm| Yb | Lu
Th|{Pa| U | Np|[Pu|Am|Cm| Bk | Cf [ Es | Fm | Md| No | Lw
1.36 | 1.4 [ 0.68
1.62

* denotes superconductivity in thin films or under high pressures.

being monovalent metals such as Li, Na, K, Cu, Ag, and Au. Some metals can
become superconductors under applied pressures and/or in thin films, and these are
indicated by asterisks in Table 1.1.

1.2.2 Compound Superconductors

Thousands of metallic compounds are found to be superconductors. A selection
of compound superconductors with critical temperature 7, are shown in Table 1.2.
Note: the critical temperature 7, tends to be higher in compounds than in elements.
Nb;Ge has the highest 7, (~ 23 K).

Compound superconductors exhibit type II magnetic behavior different from that
of type I elemental superconductors. A very weak magnetic field is expelled from
the body (the Meissner effect) just as by the type I superconductor. If the field is
raised beyond the lower critical field H.;, the body allows a partial penetration
of the field, still remaining in the superconducting state. A further field increase
turns the body to a normal state upon passing the upper critical field H.,. Between
H., and H,, the superconductor is in a mixed state in which magnetic flux lines
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Table 1.2 Critical temperatures of selected compound

Compound T.(K) Compound T.(K)
Nb;Ge 23.0 MoN 12.0
Nb}(A]O‘gGeQ.z) 20.9 V3Ga 16.5
Nbs;Sn 18.05 V;Si 17.1
NbsAl 17.5 UCo 1.70
Nb;Au 11.5 Ti,Co 3.44
NbN 16.0 LazIn 10.4

surrounded by supercurrents, called vortices, penetrate the body. The critical fields
versus temperature are shown in Fig. 1.13. The upper critical field H,, can be very
high (20 T =20 x 10° G for Nb3Sn). Also the critical temperature T, tends to be high
for high-H,., superconductors. These properties make compound superconductors
useful for devices and magnets.

I —>

Normal

H Normal

Hc

Superconductin: Meissner

(a) Type | (b) Type Il

Fig. 1.13 Phase diagrams of type I and type II superconductors

1.2.3 High-T, Superconductors

In 1986 Bednorz and Miiller [16] reported the discovery of the first cuprate su-
perconductors, also called high temperature superconductors, (HTSC). Since then,
many investigations have been carried out on the high-7, superconductors including
YBaCuO with 7, ~ 94 K [17]. The boiling point of abundantly available and inex-
pensive liquid nitrogen (N) is 77 K. So the application potential of HTSC’s, which
are of type II, appears to be great. The superconducting state of these conductors is
essentially the same as that of elemental superconductors.

1.3 Theoretical Survey

We review briefly the current theories.
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1.3.1 The Cause of Superconductivity

At present superconductivity in solids is believed to be caused by the phonon ex-
change. When a phonon is exchanged between two electrons, a bound electron pair,
called a Cooper pair (pairon) [18], is formed.

The exchange of a boson (phonon) between the two fermions (electrons) can
be pictured as the emission of a boson by a fermion and the subsequent absorp-
tion of the boson by another fermion. The emission and absorption of the boson
requires a new theory, called a second quantization formulation in which creation
and annihilation operators are introduced. It turns out that the second quantization
formulation can describe the dynamics of fermions as well. The second quantization
formulation is summarized in Appendix A. The electron—phonon interaction and the
phonon—exchange attraction are discussed in Chapter 1.3.3.

1.3.2 The Bardeen—Cooper-Schrieffer Theory

In 1957 Bardeen, Cooper and Schrieffer (BCS) published a classic paper [19] that
is regarded as one of the most important theoretical works in the Twentieth Century.
The Nobel physics prize in 1972 was shared by Bardeen, Cooper and Schrieffer for
this work.

We shall briefly review the BCS theory.

In spite of the Coulomb repulsion among electrons there exists a sharp Fermi
surface for the normal state of a conductor, as described by the Fermi liquid model of
Landau [20], [21], see Book 1, Section 8.2. The phonon exchange attraction can bind
pairs of electrons near the Fermi surface within a distance (energy) equal to Planck’s
constant 7 times the Debye frequency wp. The bound electron pairs, each having
antiparallel spins and charge (magnitude) 2e, are called Cooper pairs (pairons).
Cooper pair and pairons both denote the same entity. When we emphasize the quasi-
particle aspect rather than the two electron composition aspect, we use the term
pairon more often.

BCS started with a Hamiltonian H in the form:

H = Z Z ch;r(scks + Z Z |6k|ckscls
k s k s

€. >0 e <0

+%ZZ‘"ZZ<1,2IUI3,4>cIc§c4c3, (1.5)
ki s

ks sa

where €, = € is the kinetic energy of a free electron measured relative to the Fermi
energy €p, and clm (ckysy) = c{(cl) are creation (annihilation) operators satisfying
the Fermi anticommutation rules:
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{CkS5 C]T(fs’} = CksClT(/S/ + CL/S/Cks = (Sk,kfas’s/,
(1.6)

{ekss Cio} = febys ey} = 0.

The first (second) sum on the rhs of Equation (1.5) represents the total kinetic
energy of “electrons” with positive €; (“holes” with negative €;). The matrix ele-
ment (1, 2|U|3, 4) denotes the net interaction arising from the virtual exchange of a
phonon and the Coulomb repulsion between electrons. Specifically

_ _V0V718k|+kz,k3+k46S],S36S2wV4 if |en| < hwp
(1,2|U]3,4) = {0 otherwise, (9

where V| is a constant (energy).
Starting with the Hamiltonian in Equation (1.5), BCS obtained an expression W
for the ground-state energy

W= ha)D./\/(O)wo = N()U)(), (18)

where

—2ha)D

= = —1
= apl/N o =17 =NV (1.9)

Wo

is the pairon ground-state energy;
No = haopN(0) (1.10)

is the total number of pairons, and A/ (0) the density of states per spin at the Fermi
energy. In the variational calculation of the ground-state energy BCS found that the
unpaired electrons, often called the quasi-electrons, not joining the ground pairons
that form the supercondensate, have the energy

Ep = (A + P2 (1.11)

The energy constant A, called the quasi-electron energy gap, in Equation (1.11)
is greatest at 0 K and decreases to zero as temperature is raised to the critical tem-
perature T,.. BCS further showed that the energy gap at 0K, A(T = 0) = A and the
critical temperature 7, are related (in the weak coupling limit) by

2A¢g = 3.53kpT,. (1.12)
These findings of Equations (1.8), (1.9), (1.10), (1.11), and (1.12) are among

the most important results obtained in the BCS theory. A large body of theoreti-
cal and experimental work followed several years after the BCS theory. By 1964
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the general consensus was that the BCS theory is an essentially correct theory of
superconductivity.

BCS assumed the Hamiltonian in Equation (1.5) containing ‘“electron” and
“hole” kinetic energies. They also assumed a spherical Fermi surface. These two as-
sumptions however contradict each other. If a Fermi sphere whose inside (outside) is
filled with electrons is assumed, then there are “electrons” (“holes”) only, see Book
1, Section 10.4. Besides this logical inconsistency, if a free electron model having a
spherical Fermi surface is assumed, then the question of why metals such as sodium
(Na) and potassium (K) remain normal cannot be answered. We must incorporate
the band structures of electrons more explicitly. We shall discuss a generalization of
the BCS Hamiltonian in Sections 3.2 and 3.3.

1.3.3 Quantum Statistical Theory

In a quantum statistical theory one starts with a reasonable Hamiltonian and derive
everything from this, following step-by-step calculations. Only Heisenberg’s equa-
tion of motion (quantum mechanics), Pauli’s exclusion principle (quantum statis-
tics), and Boltzmann’s statistical principle (grand canonical ensemble theory) are
assumed.

The major superconducting properties were enumerated in Section 1.1. The pur-
pose of a microscopic theory is to explain all of these from first principles, starting
with a reasonable Hamiltonian. Besides, one must answer basic questions such as:

e What causes superconductivity? The answer is the phonon-exchange attraction.
We discuss this interaction in Chapter 1.3.3. It generates Cooper pairs [1], called
pairons for short, under certain conditions.

e Why do impurities that must exist in any superconductor not hinder the super-
current? Why is the supercurrent stable against an applied voltage? Why does
increasing the magnetic field destroy the superconducting state?

e Why does the supercurrent dominate the normal current in the steady state?

e What is the supercondensate whose motion generates the supercurrent?

How does magnetic-flux quantization arise? Josephson interference indicates that
two supercurrents can interfere macroscopically just as two lasers from the same
source. Where does this property come from?

e Below the critical temperature T, there is a profound change in the behavior of
the electrons by the appearance of a temperature-dependent energy gap A(T).
This was shown by Bardeen Cooper and Schrieffer (BCS) in their classical work
[2]. What is the cause of the energy gap? Why does the energy gap depend on the
temperature? Can the gap A(T) be observed directly?

e Phonons can be exchanged between any electrons at all times and at all tempera-
tures. The phonon-exchange attraction can bind a pair of quasi-electrons to form
moving (or excited) pairons. What is the energy of excited pairons? How do the
moving pairons affect the low temperature behavior of the superconductor?
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All superconductors behave alike below 7,.. Why does the law of corresponding
states work here? Why is the supercurrent temperature- and material-independent?
What is the nature of the superconducting transition? Does the transition depend
on dimensionality?

About half of all elemental metals are superconductors. Why does sodium remain
normal down to 0 K? What is the criterion for superconductivity? What is the
connection between superconductivity and band structures?

Compound, organic, and high-7, superconductors in general show type Il mag-
netic behaviors. Why do they behave differently compared with type I elemental
superconductors?

All superconductors exhibit six basic properties: (1) zero resistance, (2) Meissner
effect, (3) flux quantization, (4) Josephson effects, (5) gaps in the elemenatary
excitation energy spectra, and (6) sharp phase change. Can a quantum statistical
theory explain all types of superconductors in a unified manner?

Below 2.2 K, liquid He* exhibits a superfluid phase in which the superfluid can
flow without a viscous resistance, the flow property remarkably similar to the
supercurrent. Why and how does this similarity arise?
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Chapter 2
Electron—Phonon Interaction

The electron—phonon interaction is important not only in creating the phonon scat-
tering of the electrons but also in the formation of Cooper pairs. This interaction is
indeed the cause of the superconductivity. The Frohlich Hamiltonian is derived. A
phonon exchange can generate an attraction between a pair of electrons.

2.1 Phonons and Lattice Dynamics

In this section, we will review a general theory of the heat capacity based on lattice
dynamics.

Let us take a crystal composed of N atoms. The potential energy V depends
on the configuration of N atoms, (ry, rp, ---, ry). We regard this energy V as a
function of the displacements of the atoms,

w=r,—r 2.1)

measured from the equilibrium positions r’;”. Let us expand the potential V =

V(ur, wp, -+, uy) = V(uiy, ury, g, u2x, ---) in terms of small d1splacements
{0}

G En e T e B

Pt U j, OUgy,
2.2)

where all partial derivatives are evaluated at u; = u, = - -- = 0, which is indicated
by subscripts 0. We may set the constant V) equal to zero with no loss of rigor. By
assumption, the lattice is stable at the equilibrium configuration. Then the potential
energy V must have a minimum, requiring that all first-order derivatives vanish:

aV
=0. 2.3)
Myl
S. Fujita et al., Quantum Theory of Conducting Matter, 15
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For small oscillations we may keep terms of the second order in u;, only. We
then have

Vv =333 %Amkvumukv, (2.4)
Jomw kv

9V
A= ——| . 2.5
Tk [Wmaukv]o 2

The prime (") on V indicating the harmonic approximation, will be dropped here-
after. The kinetic energy of the system is

T = Z %i’f = %uﬁ = ZZ %uﬁﬂ. (2.6)
J J I

J

We can now write down the Lagrangian L =T — V as
m 1
L= Z Z Eu]ﬂ - Z Z Z Z EAjptkvujuukv' 2.7
Joom j o n kv

This Lagrangian L in the harmonic approximation is quadratic in u;, and i .
According to theory of the principal-axis transformation [1], we can transform the
Hamiltonian (total energy) H = T + V for the system into the sum of the energies
of the normal modes of oscillations:

3N
1
H = § :E(P,f + w? 0?), (2.8)
k=1

where {Q,, P.} are the normal coordinates and momenta, and {w, } are normal-
mode frequencies. Note that there are exactly 3N normal modes.

Let us first calculate the heat capacity by means of classical statistical mechan-
ics. This Hamiltonian H is quadratic in canonical variables (Q,, P,). Hence the
equipartition theorem holds. We multiply the average thermal energy for each mode,
kpT, by the number of modes, 3N, and obtain 3NkgT for the average energy (H).
Differentiating this 3N kg T with respect to T, we obtain 3Nk for the heat capacity,
which is in agreement with Dulong—Petit’s law: C = 3R. It is interesting to observe
that we obtained this result without knowing the actual distribution of normal-mode
frequencies. The fact that there are 3N normal modes played an important role.

Let us now use quantum theory and calculate the heat capacity based on Equation
(2.8). The energy eigenvalues of the Hamiltonian H are given by

E[fn}] =) (% +nK> hoe,  nme=0,1,2, . (2.9)

Kk
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We can interpret Equation (2.9) in terms of phonons as follows: the energy of the
lattice vibrations is characterized by the set of the numbers of phonons {n,} in the
normal modes {«}. Taking the canonical-ensemble average of Equation (2.9), we
obtain

1 1
(Eln) =Y [5 + <nK>] hoe =Y [5 + fo(hwk)] hwe = ET),  (2.10)

K K

where

1

Jo(e) = W 2.11)

is the Planck distribution function.

The normal-modes frequencies {w, } depend on the normalization volume V, and
they are densely populated for large V. In the bulk limit we may convert the sum
over the normal modes into a frequency integral, and obtain

E(T)=Ey+ /°° dw ho fo(hw)D(w), (2.12)
0

Ey = 1foodw ho» D(w), (2.13)
2 Jo

where D(w) is the density of states (modes) in angular frequency defined such that

Number of modes in the interval (w, w + dw) = D(w)dw. (2.14)

The constant Ej represents a temperature-independent zero-point energy.
Differentiating E(7') with respect to 7', we obtain for the heat capacity at constant
volume:

oo
Cy = [E} :/ do o T 1. (2.15)
T |y 0 aT

This expression was obtained under the harmonic approximation only, which is
expected to be valid at very low temperatures.

To proceed further, we have to know the density of normal modes, D(w). To
find the set of characteristic frequencies {w, } requires solving an algebraic equation
of 3N-th order, and we need the frequency distribution for large N. This is not
a simple matter. In fact, a branch of mathematical physics whose principal aim is
to find the frequency distribution is called lattice dynamics. Figure 2.1 represents
a result obtained by Walker [2] after the analysis of the X-ray scattering data for
aluminum, based on lattice dynamics. Some remarkable features of the curve are
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Fig. 2.1 The density of
normal modes in the angular
frequency for aluminum. The
solid curve represents the »
data deduced from X-ray =17 p
scattering measurements due ; ,
to Walker [2]. The broken G e
lines indicate the Debye g I ]
distribution with @ p = 328 K = 2 > |
4 I
/// |
- I
e 1
- 1
0 1 1 1 : \ L
0 0.2 0.4 0.6 08 11.0
angular frequency : :
(2n x 108 sec™?) Op  Opax
(A) Atlow frequencies
D(w) x »°. (2.16)
(B) There exists a maximum frequency wp,y such that
D(w) =0 for w > wmax- 2.17)

(C) A few sharp peaks, called van Hove singularities [3], exist below wpmax.

The feature (A) is common to all crystals. The low frequency modes can be
described adequately in terms of longitudinal and transverse elastic waves. This
region can be represented very well by the Debye’s continuum model [4], indicated
by the broken line and discussed in Book 1, Section 2.2. The feature (B) is connected
with the lattice structure. Briefly, no normal modes of extreme short wavelengths
(extreme high frequencies) exist. Hence there is a limit frequency wp.x. The sharp
peaks, feature (C), were first predicted by van Hove [3] on topological grounds, and
these peaks are often refered to as van Hove singularities.

The cause of superconductivity lies in the electron—phonon interaction [5]. The mi-
croscopic theory can be formulated in terms of the generalized BCS Hamiltonian [5],
where all phonon variables are eliminated. In this sense the details of lattice dynamics
are secondary to our main concern (superconductivity). The following point, however,
is noteworthy. All lattice dynamical calculations start with a real crystal lattice. For
example, to treat aluminum, we start with an fcc lattice having empirically known
lattice constants. The equations of motion for a set of ions are solved under the
assumption of a periodic lattice-box boundary condition. Thus, the k-vectors used
in lattice dynamics and Bloch electron dynamics are the same. The domain of the
k-vectors can be restricted to the same first Brillouin zone. Colloquially speaking,
phonons (bosons) and electrons (fermions) live together in the same Brillouin zone,
which is equivalent to say that electrons and phonons share the same house (crystal
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lattice). This affinity between electrons and phonons makes the conservation of mo-
mentum in the electron—phonon interaction physically meaningful. Thus, the fact that
the electron—phonon interaction is the cause of superconductivity is not accidental.

2.2 Electron—Phonon Interaction

A crystal lattice is composed of a regular arrays of ions. If the ions move, then the
electrons must move in a changing potential field. Frohlich proposed an interac-
tion Hamiltonian, which is especially suitable for transport and superconductivity
problems. In the present section we derive the Frohlich Hamiltonian [6], [7].

Let us consider a simple cubic (sc) lattice. The normal modes of oscillations for
a solid are longitudinal and transverse running waves characterized by wave vector
q and frequency w,. A longitudinal wave proceeding in the crystal axis x, which is
represented by

ug exp(—iwgt +iq-r) = u, exp(—iwgt +igx), (2.18)

where u, is the displacement in the x-direction. The wavelength A = 27 /q is greater
than twice the lattice constant ag. The case: A = 12 ay is shown in Fig. 2.2.

If we imagine a set of parallel plates containing a great number of ions fixed
in each plate, then we have a realistic picture of the lattice vibration mode. From
Fig. 2.2 we see that the density of ions changes in the x-direction. Hence, the lon-
gitudinal modes are also called the density-wave modes. The transverse wave mode
can also be pictured from Fig. 2.2 by imagining a set of parallel plates containing a
great number of ions fixed in each plate and assuming the transverse displacements
of the plates. Notice that this mode generates no charge-density variation.

The Fermi velocity vy in a typical metal is of the order 10° ms~! while the
speed of sound is of the order 10°> ms~!. The electrons are likely to move quickly
to negate any electric field generated by the density variations associated with the
lattice wave. In other words, the electrons may follow the lattice waves instantly.
Given a traveling normal wave mode in Equation (2.18), we may assume an electron
density deviation of the form:

Cqexp(—iwgt +iq-r). (2.19)

o>~ O—> O— O— O O =0

I S

Fig. 2.2 A longitudinal wave

proceeding in the x-direction;
A= 12ag X

o>~ O— O— O— O O =0
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Since electrons follow phonons immediately for all w,, the coefficient Cy can be

regarded as independent of w,. If we further assume that the deviation is linear in
the scalar product u, - q = qugq and again in the electron density n(r), we obtain

Cq = Aqqugn(r). (2.20)

This is called the deformation potential approximation. The dynamic response
factor Aq is necessarily complex since the traveling wave is represented by the ex-
ponential form in Equation (2.19). There is a time delay between the field (cause)
and the density variation (result), and hence there is an exponential phase factor
change. Complex conjugation of Equation (2.19) yields Cg exp(iw,t —iq-r). Using

this form we can reformulate the electron’s response, but the physics must be the
same. From this consideration we obtain (Problem 2.2.1)

Aq = A%, (2.21)

The classical displacement u changes, following the harmonic equation of mo-
tion:

iiq + wjuq = 0. (2.22)

Let us write the corresponding Hamiltonian for each mode as

L B N iy _
H—z(p +wq’), q=u, p=4q, w;=o, (2.23)

where we dropped the mode index . If we assume the same quantum Hamiltonian
H and the quantum condition:

lg. pl=ih, lg. gl =1p, P1=0, (2.24)

the quantum description of a harmonic oscillator is complete. The equations of mo-
tion are

1 1
¢g=—lq.Hl=p, p=—Ip Hl=—0%q, (2.25)
ih ih

(Problem 2.2.2).
We introduce the dimensionless complex dynamical variables:

al = Qho) V2 (p + iwg), a= Qhw) *(p —iwg). (2.26)
Using the last two equations, we obtain

al = Qhw) V*(—w?q + iwp) = iwd', a=—iwa. (2.27)
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We can express (g, p) in terms of (af, a):
g = —i(h)20)"*@" — a), p = (hw/2)"*@@" + a). (2.28)

Thus, we may work entirely in terms of (af, a). After straightforward calcula-
tions, we obtain (Problem 2.2.3)

hwa'a = )" (p +iwg)(p — iwg)

1
=) '[P’ +0’¢* +iolgp — pg)l = H — S,

1
hwaa' = H + Eha), (2.29)
aa' —ala =la,a’]1=1, (2.30)

1 : ; _ 1
szha)(aa—f—aa):hw aa—}—z = hw n—}—z . (2.31)

The operators (af, a) satisfy the Bose commutation rules, Equation (2.30). We
can therefore use second quantization, which is summarized in Appendix A, Sec-
tions A.1 and A.2, and obtain

e FEigenvalues of n = afa: ' =0,1,2, - [see Equation (A.1)]

e Vacuum ket |¢): a |¢) = 0 [see Equation (A.14)]

e Eigenkets of n: |¢), al|¢), (a')?|$)--- having the eigenvalues 0, 1, 2, ---
[see Equation (A.16)]

e Eigenvalues of H: %hw, %ha), %ha),

In summary, the quantum Hamiltonian and the quantum states of a harmonic os-
cillator can be simply described in terms of the bosonic second quantized operators
(a, a*).

We now go back to the case of the lattice normal modes. Each normal mode
corresponds to a harmonic oscillator characterized by (q, w,). The displacements
uq can be expressed as

B\ 2
Ug =1 (—) (aq — a}). (2.32)

2w,

where (aq, afl) are operators satisfying the Bose commutation rules:

[aq, alT,] = aqaf, - alT,aq = 8pq> laq, apl = [ag, al];] =0. (2.33)
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We can express the electron density (field) by

n() = YY), (2.34)

where y(r) and v (r) are annihilation and creation electron field operators, respec-
tively, satisfying the following Fermi anticommutation rules:

(v@). v'@)} = v@y'®) + ¢ @)y =@ —r),

v, y@)} = {v'@, v'a@)} =0. (2.35)

The field operators ¥ (') can be expanded in terms of the momentum-state
electron operators ck (cl):

1 , 1 .
Y(r) = G zk:eXp(ik “T)Ck, Vi) = ROLE %:exp(—ik/ ‘Tl (2.36)

where operators c, cf satisfy the Fermi anticommutation rules:

few o) = el +eha=80%,  Hew aw) = fef, b} = 0. (2.37)

Let us now construct an interaction Hamiltonian Hy, which has the dimensions
of an energy and which is Hermitian. We propose

1
Hp = / ry” 5 [Aqquqexpliq - DY @y @) + hel], (2.38)
q

where h.c. denotes the Hermitian conjugate. Using Equations (2.20), (2.32) and
(2.36), we can re-express Equation (2.38) as (Problem 2.2.3):

1
Hp=Y %" E(ch£+qckaq +he),  V,=A 0200 g, (2.39)
k q

This is the Frohlich Hamiltonian. Electrons describable in terms of ¢ are now
coupled with phonons describable in terms of aq. The term

Vicloqkty (V. cheriqa)) (2.40)

can be pictured as an interaction process in which a phonon is absorbed (emitted) by an
electron as represented by the Feynman diagram [8], [9] in Fig. 2.3 (a) [(b)]. Note: At
each vertex the momentum is conserved. The Frohlich Hamiltonian Hp is applicable
for the longitudinal phonons only. As noted earlier, the transverse lattice normal modes
generate no charge density variations, making the interaction negligible.
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(b)

Fig. 2.3 Feynman diagrams representing (a) absorption and (b) emission of a phonon by an
electron

Problem 2.2.1. Prove Equation (2.21).
Problem 2.2.2. Verify Equation (2.27).
Problem 2.2.3. Verify Equation (2.31).
Problem 2.2.4. Verify Equation (2.37).

2.3 Phonon-Exchange Attraction

By exchanging a phonon, a pair of electrons can gain attraction under a certain
condition. We treat this effect in this section by using the many-body perturbation
method [10], [11].

Let us consider an electron—phonon system characterized by

H = Z X:ekclisck_Y + Z haw, <% + a;aq>
kK s q
+A Z Z Z % (anqCquCks + h.c.)
k K q

= el+th+)\.HFEHO+)\.V, (VEHF) (241)

where the three sums represent: the total electron kinetic energy (H,;), the total
phonon energy (Hp), and the Frohlich interaction Hamiltonian Hp, [see Equation
(2.39)].

For comparison we consider an electron gas system characterized by the
Hamiltonian

‘ 1 o
He=Y"Y aclon+ 5 >3 Bo4 v 1,2) clelerer = Ha + Ve, 2.42)
k K

kisy kysy
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(3, 4lvcl1, 2) = (kasz, kasa | ve | Kisi, Kaoso)

47'[62/(0 1
= T? 5l'll+k2,ks+l‘l4 ‘Skﬁks,q 85351 53452' (2.43)

The elementary interaction process can be represented by the diagram in Fig. 2.4.
The wavy horizontal line represents the instantaneous Coulomb interaction v.. The
net momentum of a pair of electrons is conserved:

ki + k, = ks + Ky, (2.44)

represented by the Kronecker’s delta in Equation (2.43). Physically, the Coulomb
force between a pair of electrons is an internal force, and hence it cannot change the
net momentum.

We wish to find an effective Hamiltonian v, between a pair of electrons generated
by a phonon exchange. If we look for this v, in the second order in the coupling
constant A, then the likely candidates are represented by two Feynman diagrams
in Fig. 2.5. Here, the time is measured upward. (Historically, Feynman represented
the elementary interaction processes by diagrams. Diagram representation is widely

Fig. 2.4 The Coulomb
interaction represented by the
horizontal wavy line
generates the change in the
mometa of two electrons

time
- k,;_ q k+q
k+q -k'—q
J 4
T s S
q %, q
’, s
k —k’ k “‘ —k,
(a) (b)

Fig. 2.5 A one-phonon—-exchange process generates the change in the momenta of two electrons
similar to that caused by the Coulomb interaction
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used in quantum field theory [8], [9].) In the diagrams in Fig. 2.5, we follow the
motion of two electrons. We may therefore consider a system of two electrons and
obtain the effective Hamiltonian v, through a study of the evolution of two-body
density operator p,. Hereafter, we shall drop the subscript 2 on p indicating two-
body system.

The system-density operator p(¢) changes in time, following the quantum Liou-
ville equation:

ihag—y) = [H, p] = Hp. (2.45)

We assume the Hamiltonian H in Equation (2.41) and study the time evolution
of p(t), using quantum many-body perturbation theory. Here, we sketch only the
important steps; more detailed calculations were given in Fujita~Godoy’s book,
Quantum Statistical Theory of Superconductivity [10], [11].

Let us introduce a quantum Liouville operator

H=Ho+ 21V, (2.46)
which generates a commutator upon acting on p, see Equation (2.45). We assume

that the initial-density operator py for the electron—phonon system can be factorized
as

P0 = Pelectron Pphonons 2.47)

which is reasonable at 0 K, where there are no real phonons and only virtual phonons
are involved in the dynamical processes. We can then choose

Pphonon = |0} (O], (2.48)
where |0) is the vacuum-state ket for phonons:
aql0) =0 for any q. (2.49)

The phonon vacuum average will be denoted by an upper bar or by angular
brackets:

p(1) = (0] p(1) 10) = (p(1)) gy - (2.50)

Using a time-dependent perturbation theory and taking a phonon-average, we
obtain from Equation (2.45)

ap(r) A
a R

/ dt (Vexp(—ith™"Ho)Vp(t — 1)) . (2.51)
0
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In the weak-coupling approximation, we may calculate the phonon—exchange
effect to the lowest (second) order in A and obtain

22 (V exp(—ith "Ho)Vp(t — 1:)) =22 <V exp(—irhilHo)V)av ot —1). (2.52)

Using the Markoffian approximation we may replace p(t — t) by p(¢) and take
the upper limit 7 of the 7-integration to oco. Using these two approximations, we
obtain from Equation (2.51)

ap()

rans i h! lin}) (V(Ho —ia)~'V), D), a=>0. (2.53)

Let us now take momentum-state matrix elements of Equation (2.53). The lhs is

d

d
o7 (Kist Kasa | p(0) [Ksss, kasa) = = p(1, 25 3,4, 1), (2.54)

where we dropped the upper bar indicating the phonon vacuum average. The rhs
requires more sophisticated computations due to the Liouville operators (V, Hy).
After lengthy but straightforward calculations, we obtain from Equation (2.53)

Jd L1 .
S P(,2:3,4, 0= % —ih [(1,2]0.]5,6) p2(5,6; 3,4, 1)

Ksss Kese
—(5,61ve3,4) ;21,25 5,6, 1)], (2.55)
ho
(39 4 | Ve | 17 2) = |Vq|2(€3 _ 61)2(1_ hz(,()g 8k1+k2,k3+k4 8k3—k1,q 85351 8&452' (2'56)

Kronecker’s delta 8y, 4k, k;+k, in Equation (2.56) means that the net momentum
is conserved, since the phonon exchange is an internal interaction.

For comparison, consider the electron-gas system. The two-electron density ma-
trix p. for this system changes, following

d ) L] .
S0e(1,2:3,4, 0 =3 3 —in7 (1,210 15,6) e(5,65 3,4, 1)

Ksss Kese

- (5,6|Uc|3,4) Pc(laZ, 53 67 t)]s (257)

which is of the same form as Equation (2.55). The only differences are in the inter-
action matrix elements. Comparison between Equations (2.43) and (2.56) yields
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4dmetky 1 . .
v a2 (Coulomb interaction), (2.58)
q

hawg

|V, I*

(phonon—exchange interaction). (2.59)
(6k1+q - Ek])z - hz‘“g

In our derivation, the weak-coupling and the Markoffian approximations were
used. The Markoffian approximation is justified in the steady state condition in
which the effect of the duration of interaction can be neglected. The electron mass is
four orders of magnitude smaller than the lattice-ion mass, and hence the coupling
between the electron and ionic motion must be small by the mass mismatch. Thus,
expression (2.59) is highly accurate for the effective phonon—exchange interaction
at 0K. This expression has remarkable features. First, the interaction depends on
the phonon energy hw,. Second, the interaction depends on the electron energy
difference ey, 14 — €, before and after the transition. Third, if

l€k, +q — €k, | < hawy, (2.60)

then the effective interaction is attractive. Fourth, the atraction is greatest when
€ki+q — €k, = 0, that is, when the phonon momentum q is parallel to the constant-
energy (Fermi) surface. A bound electron-pair, called a Cooper pair, may be formed
by the phonon—exchange attraction, which was shown in 1956 by Cooper [12].
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Chapter 3
The BCS Ground State

We assume a generalized BCS Hamiltonian which contains the kinetic energies
of “electrons” and “holes”, and the pairing Hamiltonian arising from the phonon-
exchange attraction and the Coulomb repulsion. We follow the original BCS the-
ory to construct a many-pairon ground state and find a ground state energy: W =
(1/2)No(wy + wy), where Ny is the total number of the pairons, and w; and
w, are respectively the ground state energies of “electron” (j = 1) and ‘“hole”
(j = 2) pairons. Energy gaps A; are found in the quasi-electron excitation spectra:

EQ = (& + A,

3.1 Introduction

Lead (Pb) is a quadrivalent metal, which forms a fcc crystal, and it is a supercon-
ductor with the critical temperature 7, = 7.19 K. Tin (Sn) is a trivalent fcc metal,
and it is a superconductor with 7, = 3.72 K. We discussed the Fermi surface of
these metals in Book 1, Chapter 13. Both metals are known to have “electrons” and
“holes.” See Book 1, Sections 9.2, 13.3 and 13.4.

“Electrons” (“holes”) in the text are defined as quasiparticles prossessing charge
e (magnitude) that circulate counterclockwise (clockwise) viewed from the tip of
the applied magnetic field vector B. See Book 1, Section 10.2. This definition is
used routinely in semiconductor physics. We use quotation-marked “electron” to
distinguish it from the generic electron having the gravitational mass m,. A “hole”
can be regarded as a particle having positive charge, positive mass, and positive
energy. The “hole” does not, however, have the same effective mass m™* (magnitude)
as the “electron.” Hence “holes” are not true antiparticles like positrons. “Electrons”
and “holes” are the thermally excited particles near the Fermi surface depending on
the surface’s curvature sign. See Book 1, Section 10.2.

BCS defined “electrons” and “holes” simply as quasiparticles above and below
the Fermi surface. This definition allows the presence of “electrons” and “holes”
for an ideal electron gas with a spherical Fermi surface. Hence, BCS’s and our
definitions are distinct from each other. Other differences will be pointed out later
in Sections 3.2 and 3.4.8.

S. Fujita et al., Quantum Theory of Conducting Matter, 29
DOI 10.1007/978-0-387-88211-6_3, © Springer Science+Business Media, LLC 2009
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As we will see presently “electrons” and “holes” are necessary ingredients for
superconductivity. We shall discuss the ground state of a superconductor following
Bardeen, Cooper and Schrieffer [1] in this chapter.

3.2 The Reduced Hamiltonian

We first review the BCS theory and construct a generalized BCS Hamiltonian, which
contains the kinetic energies of “electrons” and “holes,” and the pairing Hamiltonian
arising from the phonon—exchange attraction and the Coulomb repulsion. The the-
ory can be applied to a 2D system or a 3D system.

BCS assumed a Hamiltonian containing “electron” and “hole” kinetic energies
and a pairing interaction [1]. They also assumed a free-electron spherical Fermi
surface. However, if we assume a free electron model, we cannot explain why only
some, and not all, metals are superconductors. We must take the band structures of
electrons into consideration. In this section we set up and discuss a generalized BCS
Hamiltonian [2-6]. We make the following assumptions:

e In spite of the Coulomb interaction, there exists a sharp Fermi surface at 0 K for
the normal state of a conductor (the Fermi liquid model [3-9]).

e The phonon exchange attraction can generate Cooper pairs [10] near the Fermi
surface within a distance (energy) equal to Planck’s constant A times the Debye
frequency wp.

e “Electrons” and “holes” with different effective masses (magnitude) are gener-
ated near the non-spherical Fermi surface, depending on the curvature sign.

e The pairing interaction strengths V;; among and between “electron” (1) and
“hole” (2) pairons are given by

—1 .
_‘/UV 8k1+k2,k3+k483‘1,5383‘2,54 lf |Em| < th

0 otherwise. @.1)

(L2 |U |3, 45 )) ={

“Electrons” and “holes” are different quasiparticles, which will be denoted dis-
tinctly. Let us introduce the vacuum state |¢,), creation and annihilation operators,
(M1, M), and the number operators nf(ls) for “electrons” (¢; > 0):

1 1 1 1 1 1
C{(s) = Cks, Cl((s)Jr = Cltx’ niis) = C:{S)TC{(A‘)’ C]((s) |¢1) =0. (32)

For “holes” (¢, < 0), we introduce the vacuum state |¢,), creation and annihila-

tion operators, (c(z)f, ¢?), and the number operators nfs) as follows:

2 T 2 2 2 2 2
Cf“) = Cll(s’ cl((s)Jr = Cks, nim) = c:(s)ch(x)’ Cl((s) |¢2) =0. (33)

Hereafter we adopt Dirac’s convention that a “hole” has a positive mass m;,
a positive energy e,(f) = |e| and the positive charge e. At 0K there are only
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zero-momentum pairons of the lowest energy. The ground state W for the system
can then be described in terms of a reduced Hamiltonian:

Hy = Z Z eil)n&) + Z Z 6,?)11&) B Z/Z/ [u“bﬂmbfj)
K Kk S . -

K
b B+ vaibZby) + vk, (3.4)
where v;; = V~'V;;, and b"/) are pair annihilation operators defined by

@D @1 (D 2 _ 2.2 .

by =cly o b =ogciys (3.5)
the primes on the last summation symbols in Equation (3.4) indicate the restriction
that

[¢))
k

0<e¢ ' =¢ <hwp for“electrons”

0 <e? = || < hwp  for “holes.” (3.6)

Let us drop the pairing Hamiltonian altogether in Equation (3.4). We then have
the first two sums representing the kinetic energies of “electrons” and “holes.” These
energies (e,(cl), e,ﬁz)) are positive by definition. The lowest energy of this system,
called the Bloch system, is zero, and the corresponding ground state is characterized
by zero “electrons” and zero “holes.” This state will be called the physical vacuum
state of the Bloch system. We shall look for the ground state of the generalized BCS
system whose energy is negative.

We now examine the physical meaning of the pairing interaction. Consider part
of the interaction terms in Equation (3.4):

—onb Y, —unbPb". (3.7)

The first term generates a transition of the “electron” pair from (k 1, —k |)
to (k' 1, —K’ |). This transition is represented by the k-space diagrams in Fig. 3.1.
Such a transition may be generated by the emission of a virtual phonon with momen-
tum q = k' — k (—q) by the down (up)-spin “electron” and subsequent absorption
by the up (down)-spin “electron” as shown in Fig. 3.1 (a) and (b). Note: These
two processes are distinct, but yield the same net transition. As we saw earlier in
Section 2.3 the phonon exchange generates an attractive correlation between two
“electrons” whose energies are nearly the same. The Coulomb interaction generates
a repulsive correlation. The effect of this interaction can be included in the strength
vy;. Similarly, the exchange of a phonon induces a change of states between two
“holes,” and it is represented by the second term in Equation (3.7).
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k'=k+q time “k—q

—k-q k'=k+q

-k

-k k
(@) (b)

Fig. 3.1 Two Feynman diagrams representing a phonon exchange between two electrons

The exchange of a phonon can also pair-create or pair-annihilate “electron”
(“hole”) pairons, called —(+) pairons. These two processes are indicated by k-space
diagrams (a) and (b) in Fig. 3.2. The effects of these processes are represented by

—vpb BT —vb b (3.8)

The same processes can be represented by Feynman diagrams (a) and (b) in
Fig. 3.3, where the time increases upwards by convention, and that “electrons”
(“holes”) proceed in the positive (negative) time directions.

A phonon is electrically neutral, and hence the total charge before and after the
phonon exchage must be the same. The total charge is conserved in the interaction
Hamiltonians, which is seen in Equations (3.7) and (3.8).

Clearly our reduced Hamiltonian Hj in Equation (3.4) is equivalent to the BCS
Hamiltonian quoted in Equation (1.5). Only the “electrons” (‘“holes™) are identified
explicitly by superindices 1 (2); besides, the different effective masses (m, m,) are
assigned, which is important to generate a supercurrent as we see later.

3.3 The BCS Ground State

At OK there are only £ ground-state pairons, that is, pairons having the lowest
energies. The ground state W for the system may then be constructed based on the
reduced Hamiltonian Hy, which can be represented in terms of pairon operators b’s
only: (Problem 3.3.1)
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ka
k y
kl
B @
‘ —&
(a)
ko
I(1

(b)

Fig. 3.2 Two k-space diagrams representing (a) pair creation of ground pairons and (b) pair
annihilation

4 / !
1y =326 0 b0 + 37 262520 — 3 [onb )
k k k K

+ by B0 + v b by + vzzb{f)bfj”]. (3.9)
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time
— Kk —
—k TN -a
k'=k+q k P
P —k—q  —k
—q K k':k+q
@ (b)

Fig. 3.3 Feynman diagrams representing: (a) pair-creation of £ ground pairons from the physical
vacuum, and (b) pair annihilation

We calculate the commutation relations for pair operators and obtain
(Problem 3.3.2)

[bl((j)’ b{(i/)] = bij)bl((i,) _ bl((i,)b{(j) =0, [bl((j)]z = bl((j)b:;j) =0,

(b, by = (1 — ) — 0 Doy, joi=12 (3.10)

Following BCS [1], we assume that the normalized ground state ket |¥) can be
written as

2
=TT 14 g 14 gPp0
) =] o kK ). G.11)
w (L1827 T+ g 1H12
Here the ket |0) = |¢;) |¢,) by definition satisfies
al 10) = i) 1) 192) = 0 (3.12)
ks 10) = ¢ |91) |2 . .

The ket |¢ j>, Jj =1, 2, represents the physical vacuum state for “electrons” (1)
[“holes” (2)], and the ket |0) = |¢;) |¢,) represents the ground state of the Bloch
system with no “electrons” and no “holes,” In Equation (3.11) the product-variables
k (and K') extend over the region of the momenta whose associated energies are
bounded: 0 < 6,51), e,iz) < hwp, and this limitation is indicated by the primes on the
product symbols. Since [bl((j )T]Z = 0, [see Equation (3.10)], only two terms appear
for each k (or k’). The quantity | gf(j ot | represents the probability that the pair states
(k 1, —k |) are occupied. By expanding the product, we can see that the BCS
ground state |¥) contains the zero-pairon state |0), one-pairon states b/ )110), two-
pairon states bTH)T|0), . ... The ket | W) is normalized such that (Problem 3.3.3)
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(TP = 1. (3.13)
In the case where there is only one state k in the product, we obtain

S

(W) = (0| :
A +1gP2)12 (14180212

The general case can be worked out similarly (Problem 3.3.3).

Since the ground-state wave function has no nodes, we may choose gl(('i ) to be

non-negative with no loss of rigor: gl((j ) > 0. We now determine {gl(('i ’} such that the

ground state energy
W = (V|Hy|VP) (3.14)
has a minimum value. This may be formulated by the extremum condition:
SW =5V |Hp|P) =0. (3.15)
The extremum problem with respect to the variation in g’s can more effectively
be solved by working with variations in the real probability amplitudes «’s and v’s
defined by

w =0+ wWh+g/M172 w0 =1 316

The normalized ket | W) can then be expressed by

! !
W) =[] + o D T + v'bi) 10) - (3.17)
k k'

The energy W can be written from Equation (3.14) as (Problem 3.3.4)

"n (1) (1)2 'n (2). (22 Y i) ().
W =320 £ 32602 - SISO S i) (3.18)
k K kK K

i

Taking the variations in v’s and u’s, and noting that uf(j)ﬁuf(j) + vl((j)Svl((j) =0, we
obtain from Equations (3.15) and (3.18) (Problem 3.3.5)

(), G )2 )2 ! [N 2). (2
26,51)u§(j)v]((j) — (uf(j) — vl((j) )Z [v_,-luf(,)vl((,) + v_,-zuf(,)vl((/)] =0. (3.19)
k/

To simply treat these equations subject to Equations (3.16), we introduce a set of
energy-parameters:

A EY = (02 4 A2 (3.20)
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which are defined by

u;(j)Z _ vl((j)2 — e,ij)/E(j), u;(j)vl((j) — A;(j)/ZE]((j)_ (3.21)
(Problem 3.3.6). Then, Equation (3.19) can be reexpressed as

2 A(l)

AV = Z >y o (3.22)

k' i=1

Since the rhs of Equation (3.22) does not depend on k, the “energy gaps”
AV = A (3.23)

are independent of k. Hence, we can simplify Equation (3.22) to

/ A,
A= vy (3.24)
e "2E)

i

These are called generalized energy gap equations. As we shall see later, E,({j ) is
the energy of an unpaired electron, called a quasi-electron. Quasi-electrons have en-
ergy gaps AY) as shown in Fig. 3.4. Notice that there are two energy gaps, “electron”
and “hole” energy gaps, (Aj, Ay).

Using Equations (3.18), (3.21), (3.22), (3.23) and (3.24), we calculate the energy
W and obtain (Problem 3.3.7)

_Z 22 )] (1)2 Z Z ZZUU”E)UE)”I&]’) ({)
() ( ’ A% 325
_Z Z E(J) 2E]Ej) ’ (3.25)

/

Quasi—electron

Fig. 3.4 Quasi-electrons have

an energy gap A relative to .
the Fermi energy -_— Fermi energy
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In the bulk limit the sums over k are converted into energy integrals, yielding

2 hop 62 A%
W= 2 N0 / de e~ - ‘ . (326
; i(0) o €le (€2 + A2 22 + A2 (3.26)

The grounded state |'W), from Equation (3.11), is a superposition of many-pairon
states. Each component state can be reached from the physical vacuum state |0) by
pair-creation and/or pair-annihilation of =+ pairons and pair-state transition through
a succession of phonon exchanges. Since the phonon-exchange processes, as repre-
sented by Equation (3.4), can pair-create (or pair-anninilate) & pairons simultane-
ously from the physical vaccum, the supercondensate is composed of equal numbers
of & pairons. We can see from Fig. 3.2 that the maximum numbers of & pairons are
given by (1/2)hiwpN1(0) [(1/2)hwpN>(0)]. We must then have

Ni(0) = N>(0) = N(0), (3.27)

Using Equation (3.27), we obtain from Equation (3.26) (Problem 3.2.8)
1
W= 5No(u)1 + wy), w; = hop{l — [1 + (A;/hop)*1'?} < 0. (3.28)

We, thus, find that the ground state energy of the generalized BCS system is
negative, that is, the energy is lower than that of the Bloch system. Further note that
the binding energy |w;| per pairon may in general be different for different charge
types.

Let us now find A; from the gap equations (3.24). In the bulk limit, these equa-
tions are simplified to

hop Al 1

A =toy N " =
jzzvjl (O) A d€m+§

vij(O)/o de—(€2+A%)l/2

_ %N(O)M sinh ' (hwp /A1) + %N(O)Az sinh™' (hwp /A»).

(3.29)

For elemental superconductors, we assume that the interaction strengths v;; are
all equal to each other:

V1l = V12 = V2] = Uy = V. (3.30)
We see from Equation (3.29) that “electron” and “hole” energy gaps coincide:

A=A,

A. (3.31)
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Equation (3.24) are then reduced to a single equation:
A=YV A 2
=) ZUOZE(U’ (3-32)
Ko K

which is called the BCS energy gap equation. After dropping the common factor A
and taking the bulk limit, we obtain (Problem 3.3.9)

1 = voN(0) sinh ! (hwp /A). (3.33)
Solving this we obtain
ha)D
A= ———. .34
sinh[1 /vy (0)] (3.34)

We now substitute Equation (3.34) into Equation (3.28) and calculate the ground
state energy. After straightforward calculations, we obtain (Problem 3.3.10)

_ —2N(0)h*w?, B
W= exp[2/voN(0)] — 1 (= Nowo)- (3.35)

Equations (3.34) and (3.35) are the famous BCS formulas for the energy gap
and the ground state energy, respectively. They correspond to Equations (2.40) and
(2.42) of the original paper [1]. We stress that these results are exact. No weak
coupling approximation is used.

Problem 3.3.1. Verify Equation (3.9).
Problem 3.3.2. Derive Equation (3.10).

Problem 3.3.3. Verify Equation (3.13). Hint: Assume that there are only two k-
states in the product. If successful, then treat the general case.

Problem 3.3.4. Derive Equation (3.18).
Problem 3.3.5. Derive Equation (3.19).

Problem 3.3.6. Check the consistency of Equations (3.16) and (3.21). Use the iden-
tity: (u? 4+ v?)? — (u? — v?)? = 4u’v?.

Problem 3.3.7. Verify Equation (3.25).
Problem 3.3.8. Verify Equation (3.27).
Problem 3.3.9. Verify Equation (3.33).

Problem 3.3.10. Derive Equation (3.35).



3.4 Discussion 39
3.4 Discussion

We have uncovered several significant features of the ground state of the generalized
BCS system.

3.4.1 The Nature of the Reduced Hamiltonian

The reduced BCS Hamiltonian Hj in Equation (3.4) has a different character from
the normal starting Hamiltonian for a metal, which is composed of interacting elec-
trons and ions. Bardeen Cooper and Schrieffer envisioned that there are only zero-
momentum pairons at 0 K. Only the basic ingredients to build up zero-momentum
pairons are incorporated in the BCS Hamiltonian. Both “electorons” and “holes”
are introduced from the outset. These particles are the elementary excitations in the
normal state above the critical temperature.

3.4.2 Bindeng Energy per Pairon

We may rewrite Equation (3.35) for the ground state energy in the from:

—27ia)D

W = Nywg, No= thN(O), Wo = exp[Z/UON(O)] _—

(3.36)

which can be interpreted as follows: The greatest total number of pairons generated
consistent with the BCS Hamiltonian is equal to hwpAN(0) = Ny. Each pairon
contributes a binding energy |wg|. This energy |wy| can be measured directly by
quantum tunneling experiments. Our interpretation of the ground state energy is
quite natural, but it is distinct from that of the BCS theory, where the energy gap A
is regarded as a measure of the binding energy. Our calculations do not support this
view, see Section 3.4.4.

3.4.3 Critical Field B, and Binding Energy |w|

By the Meissner effect a superconductor expels a weak magnetic field B from its
interior. The magnetic energy stored is higher in proportion to B> and the excluded
volume than that for the uniform B-flux configuration. The difference in the energy
for a macroscopic superconductor is given by

V B?
—_— (3.37)
210

If this energy exceeds the difference of the energy between super and normal
conductors, Wy — Wy, which is equal to |Wy|, the superconducting state should
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break down. The minimum magnetic field B, that destroys the superconducting state
is the critical field at 0K, B.(0) = By. We therefore obtain

1
|Ws — Wy | = [Wo| = No|wo| =EVB§M51, (3.38)

which gives a rigorous relation between the binding energy |wy| and the critical field
By.

3.4.4 The Energy Gap

In the process of obtaining the ground state energy W by the variational calculation,
we derived the energy-gap equations (3.24), which contain the energy paramerters

EY = (9% + A1), (3.39)

The fact that E,((j ) represents the energy of a quasi-election, can be seen as follows
[11]. The quasiparticle energy is defined to be the total excitation energy of the
system when an extra particle is added to the system. From Equation (3.18) we see
that by negating the pair state (k 1, —k | ), the energy is increased by

— 26,£1)vl((1)2 +2 {Z [v1 uf(l)v]((l) + viou :{2/)1)]((2)]} uf(l)vl((l)
o

= — 2P o 4+ 2A Vo, (3.40)

where we used Equations (3.21) and (3.22). To this energy we must add the energy
e,ﬁl) of the added “electron.” Thus the total excitation energy Ae is

Ae = ¢ [1 - 2v{j>2] + 280 = BV, (3.41)

Thus, the unpaired electron has the energy E,il) as shown in Fig. 3.4. The validity
domain for the above statement is 0 < e,ﬁl) < hwp.
We shall reconfirm Equation (3.39) later in Section 4.3, using the equation-of-

motion method.

3.4.5 The Energy Gap Equations

The reduced Hamiltonian H, was expressed in terms of pairon operators b’s only
as in Equation (3.9). The ground state ¥ in Equation (3.11) contains b’s only. Yet
in the energy-gap equations, which follow from the extremum condition for the
ground state energy, the energies of the quasi-electron, E,({j ), appear unexpectedly.
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Generally speaking the physics is lost in the variational calculation. We shall derive
the gap equations from a different angle by using the equation-of-motion method in
Chapter 4.

3.4.6 Neutral Supercondensate

The supercondensate composed of equal numbers of £ pairons is electrically neu-
tral. This neutrality explains the stability of the superconducting state against a weak
electric field because no Lorentz electric force can be exerted on the superconden-
sate. This stability is analogous to that of a stationary excited atomic state, say, the
2 p-state of a neutral hydrogen atom.

A neutral supercondensate is supported by experiments. If a superconducting
wire S is used as part of a circuit connected to a battery, as shown in Fig. 3.5, then
the wire S, having no resistance, generates no potential drop. If a low-frequency AC
voltage is applied to it, its response becomes more complicated. But the behavior can
be accounted for if we assume that it has a normal component with a finite resistance
and a super part. This is the two fluid model [12, 13]. The super part, or supercon-
densate, decreases with rising temperature and vanishes at 7. The normal part may
be composed of any charged elementary excitations including quasi-electrons and
excited pairons. At any rate, analyses of all experiments indicate that the super-
condensate is not accelerated by the electric force. This must be so. Otherwise the
supercondensate would gain energy without limit since the supercurrent is slowed
down by neither impurities nor phonons, and a stationary state would never have
been observed in the circuit.

3.4.7 Cooper Pairs (Pairons)

The concept of pairons is inherent in the BCS theory, which is most clearly seen in
the reduced Hamiltonian Hj, expressed in terms of pairon operators b’s only. The
direct evidence for the fact that a Cooper pair is a bound quasi-particle having charge
(magnitude) 2e comes from flux quantization experiments, see Figs. 1.5 and 1.6.

(
DA~

O/

Fig. 3.5 A circuit containing
a superconductors (S), battery
and resistance
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Fig. 3.6 The behavior of v} near the Fermi energy

3.4.8 Formation of a Supercondensate and Occurrence
of Superconductors

We discuss the formation of a supercondensate based on the band structures of elec-
trons and phonons. Let us first take lead (Pb), which forms an fcc lattice and which
is a superconductor. This metal is known to have a neck-like hyperboloidal Fermi
surface represented by

2 2 2
E— P P Ps3

= . (my,ma,m3) = (1.18, 0.244, —8.71)m. (3.42)
21”’[1 ZH’IQ 2]’)’[3

See Book 1, Section 13.4.

We postulate that the supercondedsate composed of & ground pairons is gener-
ated near the “necks.” The electron transitions are subject to Pauli’s exclusion prin-
ciple, and hence creating pairons requires a high degree of symmetry in the Fermi
surface. A typical way of generating pairons of both charge types by one phonon
exchange near the neck is shown in Fig. 3.2. Only parts of “electrons” and “holes”
near the specific part of the Fermi surface are involved in the formation of the super-
condensate. The numbers of & pairons, which are mutually equal by construction,
may both then be represented by ZpwN'(0)/2, which justifies Equation (3.27). Next
take aluminum (Al), which is also a known fcc superconductor. Its Fermi surface
contains inverted double caps. Acoustic phonons with small momenta may gener-
ate a supercondensate near the inverted double caps. Supercondensation occurs in-
dependently of the lattice structure as long as “electrons” and “holes” are present
in the system. Beryllium (Be) forms a hcp crystal. Its Fermi surface in the second
zone has necks. Thus, Be is a superconductor. Tungsten (W) is a bcc metal, and its
Fermi surface has necks. This metal also is a superconductor. In summary, type I
elemental superconductors should have hyperboloidal Fermi surfaces favorable for
the creation of = pairons mediated by small-momentum phonons. All of the elemental
superconductors whose Fermi surface is known appear to satisfy this condition.
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To test futher let us consider a few more examples. A monovalent metal, such
as sodium (Na), has a spherical Fermi surface within the first Brillouin zone. Such
a metal cannot become superconducting at any temperature since it does not have
“holes” to begin with; it cannot have + pairons and, therefore, cannot form a neutral
supercondensate. A monovalent fcc metal like Cu has a set of necks at the Brillouin
boundary. This neck is forced by the inversion symmetry of the lattice, See Book
1, Fig. 12.3. The region of the hyperboloidal Fermi surface may be more severely
restricted than those necks (unforced) in Pb. Thus this metal may become supercon-
ducting at extremely low temperatures, which is not ruled out.

3.4.9 Blurred Fermi Surface

In Sections 3.2 and 3.3, we saw that a normal metal has a sharp Fermi surface at 0 K.
This fact manifests itself in the T-linear heat capacity universally observed at the
lowest temperatures. The T -linear law is in fact the most important support for the
Fermi liquid model. For a superconductor the Fermi surface is not sharp everywhere.
To see this, let us solve Equation (3.21) with respect to uj and vi. We obtain

1 1
v = E[l — e /(e + AN, up = 5[1 + e /(ef + AN (3.43)

Figure 3.6 shows a general behavior of v{ near the Fermi energy. For the normal
state A = 0, there is a sharp boundary at ¢, = 0; but for a finite A, the quantity vﬁ
drops off to zero over a region of the order 2 ~ 3 A. This v; represents the probabil-
ity that the virtual electron pair at (k 1, —k |) participates in the formation of the
supercondedsate. It is not the probability that either electron of the pair occupies the
state k. Still, the diagram indicates the nature of the changed electron distribution
in the ground state. The supercondensate is generated only near the necks and/or
inverted double caps. Hence, these parts of the Fermi surface are blurred or fuzzy.
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Chapter 4
The Energy Gap Equations

Below the critical temperature 7, there is a supercondensate made up of =+ pairons.
The energy of unpaired electrons (quasi-electrons) is affected by the presence of
a supercondensate; the energy of the quasi-electron changes from e,ij ) to (e,ij 24
A?)l/ 2, which appears in the energy “gap” equations. The density of condensed
pairons, ny, is the greatest at 0 K, and monotonically decreases to zero as tempera-

ture approaches T.. The energy constants A ;(T') decrease to zero at T.

4.1 Introduction

In the energy-minimum principle calculation of the BCS ground state energy [1], the
energy gap equations appear mysteriously. The quantities in these equations refer to
quasi-electrons while the Hamiltonian Hj and the trial ground state W contain the
pairon variables only. In the present chapter we re-derive the energy gap equations,
using the equation-of-motion method [2]. We obtain a physical interpretation: an
unpaired electron in the presence of the supercondensate, has the energy

EO = (02 4+ A2,

Extending this theory to a finite 7', we obtain the temperature-dependent energy gap
equations and the temperature-dependent quasi-electron energy.

For an elemental superconductor, the gaps for quasi-electrons of both charge
types are the same: A} = A, = A. The gap A(T), obtained as the solution of the
temperature-dependent energy gap equation, is the greatest at 0 K and declines to
zero at T,. This is so because the quasi-electron becomes the normal electron in
the absence of the supercondensate. The maximum gap Ay = A(T = 0) is that
gap which appeared in the variational calculation of the BCS ground state energy
discussed in Chapter 2.3. In the weak coupling limit (vy — 0) the maximum energy
gap Ay can be related to the critical temperature T, by
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2A0 >~ 353 kBTC,

which is the famous BCS formula [1].

4.2 Energy-Eigenvalue Problem in Second Quantization

As a preliminary, we consider an electron moving in 1D characterized by the Hamil-
tonian

2

h(x, p) = ;—m + u(x). .1

We may set up the eigenvalue equations for the position x, the momentum p, and
the Hamiltonian H as:

x|x) = x'|x") 4.2)
pip)y =p'lp) (4.3)
hle,) = €,l€,) = €,|v), 4.4)

where x’, p’, and €, are eigenvalues.
By multiplying Equation (4.4) from the left by (x|, we obtain

h(x, —ihd/dx)$,(x) = €,¢,(x) (4.5)

¢u(x) = (x]v). (4.6)

Here we dropped the prime on x. Equation (4.5) is just the Schrodinger energy-
eigenvalue equation, and ¢,(x) the familiar quantum wave function. If we know

with certainty that the system is in the energy eigenstate v, we can choose a density
operator p; to be

p1 = [v)(v], (vjv) = L. (4.7)

Let us now consider tr{|v)(x|p;}, where the symbol tr means one-body-trace. It
can be transformed as follows:

w{v) (x|} = Y (arlv)(x|v) (ve) = (x[v) (vle)(alv) = (x|v)

o (02

or

tr{|v)(x|p1} = (x] p1 |[v) = du(x). (4.8)
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This means that the wave function ¢, (x) can be regarded as a mixed representation
of the density operator p; in terms of the states (v, x). In a parallel manner, we can
show (Problem 4.2.1) that the wave function in the momentum space ¢, (p) = (p|v)
can be regarded as a mixed representation of p; in terms of energy-state v and
momentum-state p:

¢u(p) = tr{[v)(plp1} = (pl o1 [v). (4.9)

In analogy with (4.8) we introduce a quasi-wavefunction ¥, (p) through

W,(p) = Tr{yla,p}, (4.10)

where 1//3 is the energy-state creation operator, a, the momentum-state annihila-
tion operator, and p a many-body-system density operator that commutes with the
Hamiltonian:

[p, H] = 0. @.11)

This is a necessary condition that p be a stationary density operator. This can be
seen at once from the quantum Liouville equation for an N-electron system:

P _
he - =IH.pl. 4.12)

Let us consider a system for which the total Hamiltonian H is the sum of single-
electron energies h:

H = Zh(j). (4.13)
J

For example, the single-electron Hamiltonian /2 may contain the kinetic energy and
the lattice potential energy. We assume that the Hamiltonian H does not depend on
the time explicitly.

In second quantization the Hamiltonian H can be represented by

H = ZZ%W% nay = Zzhabnanb, (4.14)

where na(nl) are annihilation (creation) operators and satisfying the Fermi anticom-

mutation rules: {n,, n};} = nan}}' + nZna = Sabs {Na> Mp} = {nl, nZ} =0.
We calculate the commutator [H, v.]. In such a commutator calculation, the
following identities are very useful:
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[A, BC]=[A, BIC + B[A, C], [AB,C] = A[B,C]+[A,C]B, (4.15)
[A, BC]={A, B}C — B{A, C}, [AB,C]=A{B,C}—{A,C}B. (4.16)

Note: the negative signs on the right-hand terms in Equations (4.16) occur when the

cyclic order is destroyed for the case of the anticommutator: {A, B} = AB + BA.
We obtain after simple calculation (Problem 4.2.2)

(H, vl =e¥] =) ¥ihu. (4.17)
y

We multiply Equation (4.17) by a,p from the right, take a many-body trace and
obtain

D V(P = e Vi(p), 4.18)

m

which is formally identical with the Schrodinger energy-eigenvalue equation for the
one-body problem: (Problem 4.2.3)

> bu(Phuy = su(p), éu(p) = (plv). (4.19)

"

The quasi-wave function W, (p) can be regarded as a mixed representation of the
reduced one-body density operator n in terms of the states (v, p) (Problem 4.2.4):

Y. (p) = (pIn|v). (4.20)
The operator # is defined through
Te{my p 1} = (el lota) = npa. 4.21)
These ny, are called b-a elements of the reduced one-body density matrix.
We reformulate Equation (4.18) for a later use. Using Equations (4.11), (4.17)
and the following general property:
Tr{ABp} = Tr{pAB} = Tr{BpA}. (4.22)
(cyclic permutation under a trace), we obtain (Problem 4.2.5)
Te([H, Y1, p} = Te(y] [a,, H] p} = €, W, (p), (4.23)

whose complex-conjugate is (Problem 4.2.6)

e, Wi(p) = Tr{[H, a} 1y, p}. (4.24)
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Either Equation (4.23) or Equation (4.24) can be used to formulate the energy-
eigenvalue problem. If we choose the latter, we may then proceed as follows:

1. Given H in the momentum space, compute [H, a}:]; the result can be expressed
as a linear function of af;

2. Multiply the result by ¥, p from the right, and take a trace; the result is a linear
function of ¥*;

3. Use Equation (4.24); the result is a linear homogeneous equation for W*, a stan-
dard form of the energy eigenvalue equation.

The energy-eigenvalue problem developed here is often called the equation-of-
motion method.

Problem 4.2.1. Verify Equation (4.9).

Problem 4.2.2. Derive Equation (4.17).

Problem 4.2.3. Derive Equation (4.19) from Equation (4.4).
Problem 4.2.4. Prove Equation (4.20).

Problem 4.2.5. Verify Equation (4.23).

Problem 4.2.6. Verify Equation (4.24).

4.3 Energies of Quasi-Electrons at 0 K

Below the critical temperature 7, where the supercondensate is present, quasi-
electrons move differently from those above 7. In this section we study the energies
of quasi-electorons at 0 K. The ground state is described in terms of the original

reduced Hamiltonian in Equation (3.4), not the Hamiltonian in Equation (3.9), see
below.

D IR BB
k s k =

/ / 4
=33 o by + vab B+ viab by + vnbPBN. (4.25)

By using this Hj, we obtain (Problem 4.3.1)

[Ho. )T = el — [ Zb( Ty Zb@] ¢y (4.26)

[Ho, ¢ 1= —€et) - [vuz by + vy Zbaﬁ} . 4.27)

These two equations indicate that the dynamics of quasi-electrons describable in
terms of ¢’s are affected by stationary pairons described in terms of b’s. [If the
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reduced Hamiltonian Hj in Equation (3.9) were used, the equations are different.
This Hamiltonian is good for the description of the BCS ground state, but not ade-
quate to treat the quasiparticle excitation.]

To find the energy of a quasi-electron, we follow the equation-of-motion method.
We multiply Equation (4.26) from the right by (" py, where ¥(V is the “electron”
energy-state annihilation operator and

po= 1) =[] + v bD[ | @ + v by H10) (P (4.28)
k k'

is the density operator describing the supercondensate, and take a grand ensemble
trace denoted by TR. After using Equation (4.23), the lhs can be written as

TR{[Hy. cy) 19" po} = TR{ES) " vV po} = ESVy{ (p), (4.29)

where we dropped the subscript v; the quasi-electron is characterized by momentum
p and energy E, (' The first term on the rhs simply yields epl)w“)*(p). Consider now

TR{B Dy po} = TR{b ¢ (0 1W) (W),

The state |W) is normalized to unity, and it is the only system-state at 0 K. Hence
we obtain

TR ) i po} = (U1 Gy w1, (4.30)

We assumed here that k # p, since the state must change after a phonon exchange.
‘We examine the relevant matrix element and obtain (Problem 4.3.2.)

01 @ + v WD 4 50T 0y = 1Dy 431
We can therefore write

TR ¢ v po} = u v w (" (—p), (4.32)

¥iP(—p) = TR ¥V po}. (4.33)

Collecting all contributions, we obtain from Equation (4.26)

EOyi () = eyl (p) — [UMZ v oy u.&”v.&”] v (-p). (4.34)
Kk K
Using Equations (3.22) and (3.23), we get

A = v”Zu() oy Zu( o, (4.35)
k
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We can therefore simplify Equation (4.34) to

EPy 7 (p) = eyt () — A1y (—p). (4.36)
Similarly we obtain from Equation (4.27)

EQuV(—p) = =y (—p) — Ay (p). @37)

The energy El(,l) can be interpreted as the positive energy required to create an
up-spin unpaired electron at p in the presence of the supercondensate. The energy
E (,II), can be regarded as the positive energy required to remove a down-spin electron
from the paired state (p 1, —p | ). These two energies are equal to each other:

EV =E") =ED > 0. (4.38)

In the stationary state Equations (4.36) and (4.37) must hold simultaneously, thus
yielding

(1) _
Ep Ep A]

A ED e | =0 (4.39)

whose solutions are Ej’ = 2(ep? + A2)!/2. Since E{) > 0, we obtain
ED = (* +AD)'2. (4.40)

The theory developed here can be applied to the “hole” in a parallel manner. We
included this case in Equation (4.40). Our calculation confirms our earlier interpre-
tation that El(,' ) is the energy of the quasi-electoron. In summary, unpaired electrons
are affected by the presence of the supercondensate, and their energies are given by
El()') = (el(,l)2 + Al.z)l/z, see Equation (4.40).

Problem 4.3.1. Derive Equations (4.26) and (4.27).
Problem 4.3.2. Verify Equation (4.31).

4.4 Derivation of the Cooper Equation
The energy-eigenvalue problem in second quantization developed in Section 4.2 can
be generalized for a composite particle. We consider a Cooper pair in this section.

Second-quantized operators for a pair of electrons are defined by

Bl, =Bl .\, =clc.  Bu=cc. (4.41)
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Odd-numbered electrons carry up spins 1 and even-numbered carry down spins | .

The commutators among B and Bf can be computed using the Fermi
anticommutation rules, and they are given by (Problem 4.4.1)

[B12, B34l = BiaB3s — B Bjp =0, (4.42)
B}, = BB, =0, (4.43)

l—nl—l’lg if k1=k3, k2=k4

1 .
coC if k1 =ks, k k
(Bra, By = { 2 ik =k, ko K (4.44)
C1Cy if k] 75 k3, k2 = k4
0 otherwise,
where
ny = CLTCkIT, ny = CI]L(NCkN (445)

are the number operators for electrons.
Let us now introduce the relative and net (CM) momenta (K, q) such that

1 1 1
k = E(kl — kz), q= ki +ky; ki=k+ Eq, k, = —-k+ Eq (4.46)

We may alternatively represent the pair operators by

_ _ Ao i
By = Bitkal = Ckta/2lChta2ts Big = gy Cliigy- (4.47)

The prime on Byq will be dropped hereafter. In the k-g represntation the commuta-
tion relations can be re-expressed as

[Bk,qa Bk’q/] == 07 (4.48)

[Bkq]* =0, (4.49)
1-— Nk+q/2¢ — N—k+q/2) if k=K' and q= q/

ka0 g o if k+q/2=Kk +q'/2 and
—k+q/2# kK +q/2

[Big. Blyl = 1_ (4.50)

Ck+q/21 Ck g /21 if k+q/2#K +q'/2 and
—k+q/2=-k +q/2

0 otherwise.
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If we drop the “hole” contribution from the reduced BCS Hamiltonian in Equa-
tion (3.4), we obtain the Cooper Hamiltnian:

He =Y echew —wd > > Bl Buq. (4.51)
k s kK kK q

>0
where the prime on the summation means the restriction:
0<e(k+4q/2]), €(—-k+q/2]) <hwp. (4.52)

Our Hamiltonian He can be expressed in terms of pair operators (B, B):
4 /
He =Y > [e(k+q/2]) + (| — K+ q/2))] B, Big
k q
/ / / l

=Y 3> woBl Bug (4.53)

kK K q
Using Equations (4.49) and (4.50), we obtain (Problem 4.4.2)

[He, Blgl =le(k +q/2]) + (| — k+q/2)1B],
’
— 00 Blig(1 = nicrq/ar — Nicrqray). (4.54)

K

If we represent the energies of pairons by w,, and the associated pair annihilation
operators by ¢, we can then re-express H¢ as

He =" w,¢ley. (4.55)

which is similar to Equation (4.14) with the only difference that here we deal with
pair energies and pair-state operators. We multiply Equation (4.54) by ¢, pg. from
the right and take a grand-ensemble trace. After using Equation (4.24), we obtain

Wyakq = Wyakq = [€(K+ q/2]) + €(| — Kk + q/2])]akq

/
— 00 ) (Blg(1 = Micyq/ar — Nrq2))$y) (4.56)
k/
Qkq,y = TR{B]Jiq()bvpgc} = dkq- 4.57)

The energy w, can be characterized by q, and we have w, = wy. In other words,
excited pairons have net momentum q and energy w,. We shall omit the subscripts
v in the pairon wavefunction: axq,, = diq. The angular brackets mean the grand-
canonical-ensemble average:
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_ _ TR{Aexp(BuN — pH)}
(A) = TR{Ap,.} = RPN —BH)] (4.58)

In the bulk limit: N — oo, V — oo while n = N/V = finite, where N
represents the number of electrons, k-vectors become continuous. Denoting the
wavefunction in this limit by a(k, q) and using a factorization approximation, we
obtain from Equation (4.56)

wqa(k, q) = [e(k +q/2) + e(| — k+q/2]]ack, q) - (2;%)3 / &K a(k', q)

x{l — frle(lk+q/2D] — frle(l —k+q/2D]}, (4.59)
1

(np) = W = fr(ep), (4.60)

where fr is the Fermi distribution function. The factorization is justified since the
coupling between electrons and pairons is weak.
In the low temperature limit (T — 0 or 8 — ©0),

Sfr(ep) — 0, (ep > 0). 4.61)

We then obtain

Vo

wya(k, q) = [e(k +q/2) + (| —k+q/2Dlak. @) = =0

/ /d3k’ alk, q),
(4.62)

which is identical with Cooper’s equation, Equation (1) of his 1956 Physical Review
Letter [3].

In the above derivation we obtained the Cooper equation in the zero-temperature
limit. Hence, the energy of the pairon, w,, is temperature independent.

Problem 4.4.1. Derive Equations (4.42), (4.43) and (4.44).

Problem 4.4.2. Derive Equation (4.54).

4.5 Energy Gap Equations at 0 K

The supercondensate is made up of + stationary (zero momentum) pairons, which
can be described in terms of b’s. We start with the reduced Hamiltonian Hj in Equa-
tion (3.9). We drop the prime on H; hereafter. We calculate [ Hy, b]((m] and [Hy, bl({z)]
and obtain: (Problem 4.5.1)
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[Ho. b1 = EibT = 26"
_ |:U112 b+ b](f,)} (A —nl) —nh ), (4.63)
k' k'

[Ho. b)) = — Exby) = —2¢7b
+ [vﬂz byt o)y bf,)} (1 —ng —n%). (4.64)
k' k'

These equations indicate that the dynamics of the stationary pairons depend on
quasi-electrons describable in terms of n'/).

We now multiply Equation (4.63) from the right by ¢; pg, where ¢, is the pairon
energy-state annihilation operator, and take a grand ensemble trace. For the first
term on the rhs, we obtain

2¢"TR{L ¢y o} = 26V (Wb |¥) = 26 VvV (4.65)
F) = (W]¢|P). (4.66)

For the first and second sums, we get (Problem 4.5.2.)

! D (1 2) (@ 12 12
= v’ + vud v 10 — v — 0O F (4.67)
k/

Since we are looking at the Bose-condensed state, that is, the system ground state,
the eigenvalues E; and E, can be chosen to vanish:

E,=E,=0. (4.68)
Collecting all contributions, we obtain from Equation (4.63)

D (1. (1 12 12 ! H 2) (2
26 uvy — @ = v’ i vy’ + voud v R =0, (4.69)
©

where we assumed v(_ll){ = vl((l). Since F; = (V]¢;|¥) # 0, we obtain

D (1), (1 12 12 / H. 2) (2
2¢,"u v — % = ulDD oy vy + v v = 0., (4.70)
k/

which is just one of equations (3.19), the equations equivalent to the energy gap
equations (3.22).

As noted earlier in Section 3.3, the ground state W of the BCS system is a super-
position of many-pairon states and hence quantities like
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vy, (e BTy, 4.71)

that connect states of different pairon numbers do not vanish. In this sense the state
W can be defined only in the grand ensemble.

As shown in Section 3.3, the ground state is reachable from the physical vacuum
by a succession of phonon exchanges. Since pair creation and pair annihilation of
pairons lower the system energy, and since pairons are bosons, all pairons available
in the system are condensed into the zero-momentum state. The number of con-
densed pairons at any one instant may fluctuate around the equilibrium value; such
fluctuations are in fact much favorable.

Problem 4.5.1. Derive Equations (4.63) and (4.64)
Problem 4.5.2. Verify Equation (4.67).

4.6 Temperature-Dependent Gap Equations

In the last two sections we saw that quasi-electron energies and the energy gap
equations at 0 K can be derived from the equations of motion for ¢’s and b’s. We
now extend our theory to a finite temperature.

First, we make an important observation. The supercondensate is composed of
equal numbers of £ pairons condensed at zero momentum. Since there is no dis-
tribution, its properties cannot show any temperature variation; only its content
(density) changes with the temperature. Second, we re-examine Equation (4.63).
Combining this with Equation (4.68), we obtain

[Ho. by" = 2e,§”b§j”—[ Zbk, + vy Zb(z):| (A—n)—n} ) = 0. (4.72)

From our previous study we know that both:

Fr = @Oy = ul"o"  and  (WpPT W) = uPo® (4.73)

are finite. The b’s refer to the pairons constituting the supercondensate while n;(lT)

and nf(lj represent the occupation numbers of “electrons.” This means that unpaired
electrons, if present, can influence the formation of the supercondensate In fact, we
see from Equation (4.72) that if n’(l) =0, /(_IM = l,orn k =1, /(l)i =0,
terms containing v ; vanish, and there is no attractive transition: that is, the super-
condensate wavefunction W cannot extend over the pair state (k 1, —k |). Thus
as the temperature is raised from O K, more quasi-electrons are excited, making
the supercondensate formation less favorable. Unpaired electrons (fermions) have

energies E,(cl) and the thermal average of 1 — n&) — n(ll)( L s

<1 n) —nﬁfw) =1 —2{expl BELT + 1)7' = tanh[ BEV /2], (= 0). (4.74)
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In the low temperature limit, this quantity approaches unity from below:
tanh[ BE\" /2] = tanh[E\" /2ksT] — 1. (T — 0) (4.75)

We may therefore regard tanh[ ,BE,(CI)/ 2] as the probability that the pair state (k 1,
—k ) is available for the supercondensate formation. As temperature is raised, this
probability becomes smaller, making the supercondensate density smaller. Third,
we make a hypothesis: The behavior of quasi-electrons is affected by the supercon-
densate only. This is a reasonable assumption at very low temperatures, where very
few elementary excitations exist.

We now examine the energy gap equations (3.24) at 0 K:

A‘ZZ vji

i

2E0) (4.76)

Here we see that the summation with respect to k and i extends over all allowed pair-
states. As temperature is raised, quasi-electrons are excited, making the physical
vacuum less perfect. The degree of perfection at (k, i) will be represented by the
probability tanh(8 E,i')/ 2). Hence we modify Equation (4.76) as follows:

Z Z Vi3 m tanh(ﬁE(') /2). 4.77)

Equation (4.77) are called the generalized energy-gap equations at finite tempera-
tures. They reduce to Equation (4.76) in the zero-temperature limit. In the bulk limit,
the sums over k' can be converted into energy integrals, yielding

2 hao 2 23172

1 D A; (€2 + AHY
= — E i Ni (0 d tanh ; . 4.78
25 i )-/0 ‘ (€2 + A})1/2 o |: 2kpT 79

For elemental superconductors vy = vy = vy = vp = v, and N(0) =
MN>2(0) = N(0). We then see from Equation (4.78) that there is a common energy

gap:

A=A, = A, (4.79)

which can be obtained from

ﬁa)D

(4.80)

2 24172
1—U0N(O)/ €447 }

tanh
2 4 Aniz [ 2%sT

The gap A is temperature-dependent. The critical temperature 7, at which the gap A
vanishes, is given by
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hop

1= voN(O)/ de — tanh |:

€
. 481
2kBTC] (4-81)

At the critical temperature the supercondensate disappears. Let us recall the form

of the quasi-particle energies: E; W = (e(j 2 Az)l/ 2 If there is no supercondensate,

no gaps can appear (A; = 0), and E”’ is reduced to ¢”’.

The gap A(T), which is obtained numerlcally from Equation (4.80), decreases as
shown in Fig. 4.1. In the weak coupling limit:

2
p [vo/\/(O)] > 1, (4.82)

the critical temperature 7, can be computed from Equation (4.81) analytically. The
result can be expressed by (Problem 4.6.1.)

1
kT, ~ 113 hopexp | ——— | . 4.83
B wp EXp |:U0 N(O)i| ( )
Comparing this with the weak coupling limit of Equation (3.34), we obtain
200 =2A(T =0) =3.53kpT., (4.84)

which is the famous BCS formula [1], expressing a connection between the maxi-
mum energy gap Ag and the critical temperature T,.

Problem 4.6.1. Obtain the weak-coupling analytical solution (4.83) from
Equation (4.81).
2.0

A 1.6
keTg

1.2
0.8

0.4

0 0.2 0.4 0.6 i 1.0
/T, 0.8

Fig. 4.1 Temperature variation of energy gap A(T)
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4.7 Discussion

4.7.1 Ground State

The supercondensate at 0K is composed of equal numbers of £ pairons with the
total number of pairons being Ny(0) = Ny = hwp/N'(0). Each pairon contributes an
energy equal to the ground state energy of a Cooper pair wy to the system ground-
state energy W:

—ZFL(,()D

W= Nowo, w0 = N O] — 1

(4.85)

which is in agreement with the BCS formula (3.35). This is significant. The reduced
generalized BCS Hamiltonian H in Equation (4.25) satisfies the applicability con-
dition of the equation-of-motion method (i.e., the sum of pairon energies). Thus,
we obtained the ground state energy W rigorously. The mathematical steps are
more numerous in our approach than in the BCS-variational approach based on the
minimum-energy principle. However our statistical mechanical theory has a major
advantage: There is no need to guess the form of the trial wave function ¥, which
requires a great intuition. This methodoloigical advantage of quantum statistical
mechanical theory is clear in the finite-temperature theory.

4.7.2 Supercondensate Density

The most distinct feature of a system of bosons is the possibility of a B-E condensa-
tion. The supercondensate is identified as the condensed pairons. The property of the
supercondensate cannot change with temperature because there is no distribution.
But its content (density) changes with the temperature. Unpaired electrons in the
system hinder formation of the supercondensate, and the supercondensate density
decreases as the temperature is raised toward the critical temperature 7.

4.7.3 Energy Gap A(T)

In the presence of the supercondensate, quasi-electrons move differently from Bolch
electrons. Their energies are different:

€V? + A(T)2]V2  (quasi-“electron™)
E(p h_ . (4.86)
e};f ) (Bloch “electron™)

The energy gap A(T) is temperature-dependent. The gap A(7,) vanishes at T, where
there is no supercondensate.
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4.7.4 Energy Gap Equations at 0 K

In Section 3.3, we saw that the energy gap A at 0K mysteriously appears in the
minimum-energy-principle calculation. The starting Hamiltonian Hy and the trial
state W are both expressed in terms of the pairon operators b’s only. Yet, the
variational calculation leads to the energy-gap equations (3.24), which contain the
quasi-electron variables only. Using the equation-of-motion method, we found that
the energy-eigenvalue equation for the ground pairons yields the same energy gap
equations.

4.7.5 Energy Gap Equations Below T,

At a finite temperature, some quasi-electrons are excited in the system. These quasi-
electrons disrupt formation of the supercondensate, making both the condensed pa-
iron density and the energy gaps A smaller. This in turn makes quasi-electron excita-
tion easier. This cooperative effect is most apparent near 7, as shown in Fig. 4.1. In
the original paper [1] BCS obtained the temperature-dependent energy gap equation
by the free-energy minimum principle based on the assumption that quasi-electrons
are predominant elementary excitations. We have reproduced the same result and
its generalization (4.77) by the equation-of-motion method. In the process of doing
so, we found that the temperature-dependent energy gap A(7T') is connected with the
supercondensate density.
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Chapter S
Quantum Statistics of Composites

The Ehrenfest—-Oppenheimer—Bethe’s rule with respect to the center-of-mass motion
is that a composite particle moves as a boson (fermion) if it contains an even (odd)
number of elementary fermions. This rule is proved in this chapter. Applications and
extensions are discussed.

5.1 Ehrenfest-Oppenheimer-Bethe’s Rule

Experiments indicate that every quantum particle in nature moves either as a boson
or as a fermion [1]. This statement, applied to elementary particles, is known as the
quantum statistical postulate (or principle). Bosons (fermions), by definition, can
(cannot) multiply occupy one and the same quantum-particle state. Spin and isopin
(charge), which are part of particle state variables, are included in the definition
of the state. Electrons (e) and nucleons (protons p, neutrons n) are examples of
elementary fermions [1, 2]. Composites such as deuterons (p, n), tritons (p, 2n),
and hydrogen H (p, e) are indistinguishable and obey quantum statistics. Accord-
ing to Ehrenfest—-Oppenheimer—Bethe (EOB) rule [3, 4] a composite is fermionic
(bosonic) if it contains an odd (even) number of elementary fermions. Let us review
the arguments leading to EOB’s rule as presented in Bethe-Jackiw’s book [4]. Take
a composite of two identical fermions and study the symmentry of the wavefunc-
tion for two composites, which has four particle-state variables, two for the first
composite and two for the second one. Imagine that the exchange between the two
composites is carried out particle by particle. Each exchange of fermions (bosons)
changes the wavefunction by the factor —1 (+1). In the present example, the sign
changes twice and the wavefunction is therefore unchanged. If a composite contains
different types of particle as in the case of H, the symmetry of the wavefunction is
deduced by the interchange within each type. We shall see later that these arguments
are incomplete. We note that Feynman used these arguments to deduce that Cooper
pairs [5] (pairons) are bosonic [6]. The symmetry of the many-particle wavefunc-
tion and the quantum statistics for elementary particles are one-to-one [1]. A set of
elementary fermions (bosons) can be described in terms of creation and annihilation
operators satisfying the Fermi anticommutation (Bose commutation) rules [1,7], see
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Equations (5.2) and (5.24). But no one-to one correspondence exists for composites
since composites, by construction, have extra degrees of freedom. Wavefunctions
and second-quantized operators are important auxiliary quantum variables, but they
are not observables in Dirac’s sense [1]. We must examine the observable occupa-
tion numbers for the study of the quantum statistics of composites. In the present
chapter we shall show that EOB’s rule applies to the Center-of-Mass (CM) motion
of composites.

5.2 Two-Particle Composites

Let us consider two-particle composites. There are four important cases represented
by (A) electron-electron (pairon), (B) electron-proton (hydrogen H), (C) nucleon-
pion, and (D) boson-boson.

(A) Identical fermion composite. Second-quantized operators for a pair of elec-
trons are defined by [§]

BIT2 = Bl]kz = CLCL = cIc;, B34 = cyc3, (5.1

where cL (cx,) = cJ{ (cy) are creation (annihilation) operators (spins indices omitted)
satisfying the Fermi anticommutation rules:

en.dy=cicl + ey =8k, {er.ea) =0. (5.2)

The commutation among B and B can be computed by using Equation (5.2),
and are given by [8]

[B12, B3] = B1aB3y — B3 B1p =0, (B1n)* =0, (5.3)

l—nl—l’lzif k1=k3, k2=k4

i ]

(oY if ki =ks, k k
[B1a, Bl = | 2% iy =ls, dp 7 s (5.4)

Ci1Cy if k1 75 k3, k2 = k4

0 otherwise,
where

nj=cle;, (=12 (5.5)

represent the number operators for electrons. Using Equations (5.1), (5.2), (5.3),
(5.4) and (5.5) and

ni, = BB, (5.6)
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we obtain
ni, = Bsz(l —ny—ny+ BIQBIZ)BIZ = nj. (5.7)
Using this, we obtain
(”%2 —n12) |”,12) = (”,122 — i) |n’12> =0,
where |n’12) # 0 is the eigen ket of n;,. Hence, we obtain ”/122 —n}, =0,or
nj, =0orl. (5.8)

Let us now introduce the relative and net (or CM) momenta (k, q) such that

1 1
k=sk —k) q=kt+k; k=k+3q k=-k+7q (9

| =

We may alternatively represent the pair operators by

A — It T i
By, = Cokrlqlhilq = By, By, = ck+%qc_k+%q/. (5.10)

The prime on Byq will be dropped hereafter. From Equation (5.8) we deduce that
the number operator in the k-q representation

nkq = By Bia: (5.11)
has eigenvalues O or 1:
g =0or L. (5.12)

The total number of a system of pairons, N, is represented by

N=Y""nn=) > mg=y_ ng (5.13)
q q

ki ko k

where
ng=Y ng= Y Bl Big (5.14)
k k

represents the number of pairons having net momentum q. From Equations (5.12),
(5.13) and (5.14) we see that the eigenvalues of the number operator nq are non-
negative integers. To explicitly see this property, we introduce
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Y Big (5.15)
k

By

and obtain, after using Equations (5.2), (5.3), (5.4), (5.5) and (5.10),

[By, ngl =Y (1 = myy 14—y 1)Bag = By, [ng, Bl =Bl (5.16)
k

Although the occupation number 74 is not connected with Bq as nq # B]; By, the
eigenvalues n:] of ng satisfying Equation (5.16) can be shown straightforwardly to
yield [1]

n,=0,1,2, ... (5.17)
with the eigenstates
0), 1) =B{10), [2)=B{B}l0). .... (5.18)

This is important. We illustrate it by taking a one-dimensional motion. The pairon
occupation-number states may be represented by drawing quantum cells in the (k, q)
space. From Equation (5.12) the number n}cq are limited to O or 1, see Fig. 5.1. The
number of pairons characterized by the net momentum g only, n/q, is the sum of the
numbers of pairs at column ¢, and clearly it is zero or a positive integer.

In summary, pairons with both k and q specified are subject to the Pauli ex-
clusion principle, see Equation (5.12). Yet, the occupation numbers n;] of pairons
having CM momentum q are 0, 1, 2, ..., see Equation (5.17). Note that our results
Equations (5.8), (5.12) and (5.17) are obtained by using the pair commutators (5.3)
and (5.4). Further note that our result (5.17) does not follow from consideration
of the symmetry of the wavefunction, the symmetry arising from Equation (5.3)
only. Equation (5.4) is needed to prove Equation (5.16). The fact that the quantum

o0
o0
o0
O q
o0
(g
Fig. 5.1 The number
representation of many
electron-pairs in the (k, g)
space
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statistics depend on whether we specify (k, q ) or q alone arises because a composite
by construction has more degrees of freedom than an elementary particle (electron).
Only with respect to the CM motion pairons are bosonic and can multiply occupy
the same net momentum state q. We say in short that pairons move as bosons.

(B) Different-fermion composite. The quantum state for two distinguishable
particles (1, 2) can be represented by

) = ) 619

We may represent the state |k£,j )> for the particle j by specifying a set of occupa-

tion numbers (nifj ) , n;fj ), ... ) with the restriction that each nﬁ,(j ) can take on a value

either O or 1, and only one member of the set takes the value 1. These numbers n;(j )

can be represented by [10]
n =0, (5.20)

where creation (annihilation) operators nflj )T(nf,j )) satisfy the Fermi anticommuta-
tion rules (5.2). The quantum state for a many-electron-many-proton system may
be represented by a generalization of Equation (5.19), the direct product of a many-
electron (antisymmetric) state and a many-proton (antisymmetric) state. Such states
can be described in terms of second-quantized operators ¢’s (electrons) and a’s
(protons), both satisfying the anticommutation rules (5.2). Following Dirac [1], we

postulate that observables for different particles commute:
", nP1=0, (5.21)
based on which we may choose such that ¢’s and a’s anticommute with each other
{c,a'} ={c,a} =0. (5.22)
Pair operators are defined by
Bl,=aldl, By =cia. (5.23)

We study the number operator nle) defined in the form (5.14) and show by means
of Equation (5.16) that the eigenvalues of nle) are 0, 1, 2, .... That is, hydrogens H
move as bosons.

(C) Fermion-boson composite. We define pair operators in the form (5.23) with
boson operators (b's) satisfying the Bose commutation rules:

[b1,b)] = bib} — blby = 84,1, (b1, by] = 0. (5.24)

Fermion and boson operators mutually anticommute, which is in accord with
Equation (5.21). We obtain
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{B12, B34} = B12B3s + BuBip =0 (5.25)
1+n1 — ny lfkl =k3,k2 =k4
T .
coC ifk; = ks, k k
(Bio, Bl,} = { 2% iy = ks, ko 7 Ky (5.26)
b1b3 lfkl ;ék3,k2 —k4
0 otherwise.

We define nq and By as in Equations (5.14) and (5.15), use Equation (5.26) and
obtain

[ng, Byl + By + ) i 14Brq =0, (5.27)
k

[ng, Bl = B =Y Blyni 14 =0. (5.28)
k

The vacuum state, |0), satisfying
ag |0) = b |0) =0, (all k) (5.29)
is defined. One-pair states |n/q = 1) is constructed by

|y = 1)=[1) = B} |0), ngll) = |1). (5.30)

The two states (|0), |1)) are the only pair-number states at q that can be con-
structed without violating the restriction imposed by Equation (5.28). In fact, apply-
ing Equation (5.28) to |1) we obtain

i T
([nq, Bé] - B; - Z qu”k+£q> I = (”QB; - 23; - Z qu) R
k

k
= (nqB{ —3B) 1) =0,

or
ngBi11) =3B} 1), (5.31)

indicating that no two-pair state can be constructed in a regular manner. That is,
|2) # Bg |1). Hence, fermion-boson composites move as fermions.
(D) Identical boson composite. We introduce pair operators:
B, =a},a), =alal,  Bn= 5.32
12 = Yo = 419, 12 = dady. (5.32)

We compute commutators among B and BT and obtain
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[B12, B34] =0, (5.33)
1+n1 —+ ny lfkl =k3,k2 =k4,k2 ;ék3,k1 ;ﬁk4
2+4n1 1fk1 =k3,k2=k4,k2=k3,k1 =k4
@] if ki = ks ko # ki, ko # ks, ki £ Ky
aral + aral itk = ks, k) £k, ko £ ks, k) = ky
[Bia, BLl = { ana) +ala) if k) = ks, ko £ kg ko = ks, ky £ kg (5.34)
ala ifk; #ks, ko = ks, ko # k3, k; # ky
ala; + ayal itk # ks, ky =k, Ky £ ks, k) = kg
ala; + agal itk # ks, k= ki, Ky £ ks, k) =k
0 otherwise.

Consider a pair creation operator
= B, + B, (5.35)
k+£0

where the prime on the summation means the omission of the zero-k state. Multi-
plying this equation from the left by nq and from the right by [®y), we obtain

nqBf |®o) = ZB + B, | 1®o) = ZB +2Bl, | 1P0) . (5.36)
k40 k40

which indicates that B:; |®y) is not the eigenstate of nq. This is significant. The state
corresponding to qu |Py) , k # 0 in one dimension is shown in Fig. 5.2 (a). The

corresponding occupation number nyq = qu Bygq has the eigenvalue one since

al
ke B |(I)0> k+‘ank+;qa ks q%t3q%c 1q4 +%q|q)0>

=Bl |P),  k#0. (5.37)
k k

|

00
o) q o o q
(a) (b)

Fig. 5.2 (a) State BJ, [Wo). k # 0. (b) State Bl |Wy)
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For k = 0 a straightforward calculation gives

nog By |P0) = a| a |Dy) . (5.38)

o= —

l%q qa%qa%qg]\qagq | Do) = ZB(ng

Thus the operator ngq has the eigenvalue 2. The state B(ng |dDy) is shown in Fig. 5.2
(b). These last two results generate Equation (5.36). In the presence of the double
occupancy at k = 0, we find no one-pair number state. This anomaly does not occur
when dealing with elementary fermions since the double occupancy is excluded by
Pauli’s exclusion principle.

5.3 Discussion

In 1940 Pauli established the spin-statistics theorem [2]: half-integral spin elemen-
tary particles are fermions while integral spin particles are bosons. He derived it by
applying general principles of quantum theory and relativity to elementary particles.
Just as elementary particles, composites are experimentally found to be indistin-
guishable and move either as bosons or as fermions (quantum statistical principle).
This can be understood simply if the CM of a composite moves, following the same
general principles, and if the spin-statistics theorem is applied. We take Democritos’
atomistic view: every matter is composed of massive “atoms” (elementary particles).
(Massless quantum particles such as photons and neutrinos will not be considered
hereafter.) We saw in case (D) that no one-pair state for the identical boson pair can
be constructed. Hence, this composite moves neither as a boson nor as a fermion in
violation of the quantum statistical principle. The arguments quoted earlier for the
EOB’s rule fail in this case. Electrons and nucleons have half spins while pions have
zero spin. Hence the other three cases (A)—(C) are in accord with the spin-statistics
theorem and also with the EOB’s rule.

In our derivation we omitted consideration of spin, isospin, .... We now discuss
this point. Following Dirac [1], we define the indistinguishability of a system of
identical elementary particles in terms of the permutation symmetry:

[P, H] =[P, £] =0, (all £ and all P) (5.39)
[P, p] =0, (5.40)

where
H:H(nlan’"'vnN) (541)

is the Hamiltonian of N particle-variables 1 containing position, momentum and
other quantum variables such as spin, isospin, ... ; £ is a system-dynamical function
such as the center-of mass and the total momentum; P’s are permutation operators
of N particle indices. The density operator p is defined in the form:
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p=>_WP . D P=1 (5.42)

v

where |v) are symmetric (antisymmetric) kets for bosons (fermions) and P, is the
occupation probability. The particle state is characterized by momentum Kk, spin-
component o, isospin-component 7, . ... The state may equivalently be represented
by positionr, o, 7, .... The set of momenta, {k}, is infinite since the position conju-
gate to the momentum is a continuous variable. Dirac’s relativistic wave equation [1]
indicates that the electron (antiparticle) each has spin 1/2. Pauli’s spin-statistics the-
orem [2] originates in the relativistic quantum motion of the particles in the ordinary
three-dimensional space [2]. In contrast other sets {o}, {t}, ...are all finite, and
hence these variables play secondary roles in quantum statistics. This is so because
the quantum statistics of the particles must be defined with the condition that there
are an infinite set of particle-states. In fact, if there were only one state, neither sym-
metric nor antisymmetric states can be constructed. If there were only two states, no
antisymmetric states for three particles can be constructed. Limiting the number of
particles is unnatural and must be avoided.

We have studied the eigenvalues of the pair-number operators (n12, nig, Hg),
which are observables in Dirac’s sense [1]. All of our results are obtained without
introducing the Hamiltonian. Hence, our results are likely to be valid independently
of any interaction and energy (bound or unbound). This is significant, and is sup-
ported by the following arguments. We consider a system of interacting particles
and write the Hamiltonian H in the form

H = Hy+ AV, (5.43)

where Hy is the sum of the single-particle Hamiltonian:

N
Hy =Y ho(n)), (5.44)
J=1

V is an interaction Hamiltonian, and A a coupling constant. For 1 = 0 quantum
statistics is postulated. Consider now a continuous limit:

r— 1 (5.45)

No continuous limit can change discrete (permutation in our case) symmetry.
Hence the quantum statistics arising from the particle-permutation symmetry and
relativistic quantum dynamics is unchanged in the limit (5.45). Such demonstration
can be extended to the case of an interaction Hamiltonian with other particle-fields.
All experiments appear to support our view: independence of the statistics upon
interaction.

We saw in (A) that the CM motion of a pairon is bosonic while its motion
with both (k, q) specified is fermionic. This means that the fermionic nature of the
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constituents (electrons) is important for the total description of a composite (pairon).
This is a general character of any composite. In fact Bardeen, Cooper and Schrieffer,
in their historic paper on superconductivity [9], used the fermionic property (5.3) to
construct the ground-state of a BCS system, the state of the pairons bosonically
condensed all at zero C M momentum. By assuming the spin-statistics theorem for
composites Feynman argued that the pairons move as bosons [10], and proceeded
to derive the Josephson equations [11, 12], which will be discussed later, Chapter
11. Both fermionic and bosonic properties of the pairons must be used in the total
description of superconductivity[13 —15].

Let us now consider a three-identical fermion composite. Triplet operators (7', T)
are defined by

T1T23 = CIC;C; Ti23 = c30204. (5.46)

If any two of the momenta (k;, k>, k3) are the same, T’s vanish due to Pauli’s
exclusion principle. We shall show that the CM motion of the triplet is fermionic.
Decompose the triplet into a system of a two-fermion composite and a fermion.
The CM motion of the pair composite is bosonic according to our study in case (A).
Applying the result in case (C) to the system, we then deduce that the CM motion of
the triplet is fermionic. The above line of argument can be extended to the case of an
N-nucleon system. First, eliminate the multi-occupancy states. Second, split it into
a system of (N — 1)-nucleon composite and a nucleon. Third, apply the arguments
in either (B) or (C), and deduce that the addition of one nucleon changes quantum
statistics. Next, we consider an atom composed of a nucleus and one electron. By
the same argument the addition of the electron changes quantum statistics. Further
addition of an electron generates the change in statistics.

In summary, the quantum statistics for the CM motion of any composite is deter-
mined by the total number of the constituting elementary fermions. If this number
is odd (even), the composite moves as a fermion (boson). Composites may contain
no massive elementary bosons. The EOB’s rule with respect to the CM motion of
a composite follows directly from the commutation relations (5.3) and (5.4) and
their generalizations. We stress that this rule cannot be derived from the arguments
based on the symmetry of a composite wavefunction equivalent to the symmetry
property of the product of the creation operators alone. The quantum statistics of the
constituent particles must be treated separately. For example, the CM of hydrogen
molecules (2e, 2p) move as bosons. But ortho-and para-hydrogens have different
internal structures and behave differently because the quantum statistics of the two
constituting protons play a role [16, 17].

Experiments show that photons are bosons. A photon in a vacuum runs with the
light speed and cannot stop. Hence the photon does not have the position variable
as a quantum observable. In this respect, it is essentially different from other ele-
mentary fermions such as the electron and nucleon. Pions (;7), and kaons (K) are
experimentally found to be massive bosons. As we saw in Section 5.2, no massive
elementary bosons exist. These w and K must be regarded as composites. Fermi and
Yang [18] regarded 7 as a composite of nucleon and antinucleon. In the standard
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model 7 is regarded as a composite of two quarks [19], where a quark is an elemen-
tary fermion. These theoretical approaches are in line with our theory.

In condensed matter physics, many elementary excitations such as phonons,
magnons, plasmons, etc., appear. These particles cannot travel as fast as photons,
and hence they cannot be considered as relativistic quantum particles in principle.
They cannot have non-zero spins. They must therefore be bosons.
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Chapter 6
Quantum Statistical Theory

The pairons move with linear dispersion relations. The 2D system of the pairons
undergoes a Bose-Einstein condensation at the critical temperature 7., kpT, =
1.24 hupn'/?, where n is the pairon density and vy the Fermi speed. The super-
conducting transition is a phase change of second order.

6.1 The Full Hamiltonian

Fujita and his group developed a quantum statistical theory of superconductivity in
a series of papers [1-5]. We present this theory in the present chapter.

In the ground state there are no currents for any system. To describe a ring super-
current that can run indefinitely at 0 K, we must introduce moving pairons, that is,
pairons with finite center-of-mass (CM) momenta. Creation operators for “electron”
(1) and “hole” (2) pairons are defined by

(UT (Ot (1)1L (l)T @ _ OF
B, BlTkzi_ . By'=cey (6.1)

(The pairon operators are denoted by B’s, which should not be confused with the
magnetic field B.) We calculate the commutators among B and B, and obtain
(Problem 6.1.1)

B, BY1=0, [BYP=0. (6.2)

1—nY —nYifk, = ks and ky = ky

[B(j) B(j)f] (j) (])T if kl = k3 and k2 7é k4 (63)
12’ (” W ifk, #k; and k, = ky
0 otherwise.
Pairon operators of different types j always commute:
[BD, BV1=0  ifi+#j (6.4)
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DOI 10.1007/978-0-387-88211-6_6, © Springer Science+Business Media, LLC 2009



74 6 Quantum Statistical Theory

and

3 — DT D 0 — (DT D
ny = O ny =0y Ckyy (6.5)

represent the number operators for “electrons” (j = 1) and “holes” (j = 2).
Let us now introduce the relative and net momenta (k, q) such that

k= (1/2)k; — k), q=k; +ky;

ki =k+q/2, k, = -k +q/2. (6.6)
Alternatively we can represent pairon annihilation operators by

W_ph W @_ o 0
By = Byl = Coraai et Brg = Oganr kg (67)

The prime on B will be dropped hereafter. In the k-q representation the commu-
tation relations are re-expressed as

() p@) ()
[Bey. Byl =0, [B 1" =0. (6.8)
(I = nkrq2t — Nkiqy)dji ifk=K andq=¢’
() Ot S if k 2 =K )
D ot C k+q/20C K +q/249ii iftk+q/2=KkK+q//
[Biy> Beg 1=1 ' and —k + q/2 # —k' + q//2
a2t W21 ifk+q/2#K +q'/2
and —k + q/2 = —K +q/2
0 otherwise.
(6.9)

Using the new notation, we can rewrite the full Hamiltonian as

_ (H_ (1) 2 (2
H = Zek Ny + € Tks
k,s k,s

NNV (DF (D) (D @t @ p) @ p@f
SN o [ B B + Bl B + BB + Bl B |
k q k'
1 / £
=0 o [ B+ b B+ BB+ 6260 (6.10)
k Kk’

Here, the zero momentums pairons are written in terms of b. Since
[C)NAC)]
BY = b0, 6.11)

we may rewrite Equation (6.10) as



6.2 The Cooper Pair Problem 75
— (H_ (1) 2,2
H = Zek Ny + ka Mg s
k,s k,s

NNV (DF (D) (D Rt @ p) @ p@f
=Y o [ B B + Bl BEY + B B + Bl By |
k q Kk’
(6.12)

with the understanding that the g-summation is over all momenta including the zero
momentum. This is the full Hamiltonian for the system, which can describe moving
pairons as well as stationary pairons.

Problem 6.1.1. Verify Equations (6.2) and (6.3).

6.2 The Cooper Pair Problem

In 1956 Cooper demonstrated [6] that, however weak the attraction may be, two
electrons just above the Fermi sea can be bound. The binding energy is greatest if
the two electrons have opposite momenta (p, —p) and antiparallel spins (1, | ). The
lowest bound energy wy is found to be

. —Zh(z)D
~ exp[2N(O)vo] — 1’

wo (6.13)

where wp is the Debye frequency, vy a positive constant characterizing the attrac-
tion, and NV(0) the electron density of states per spin at the Fermi energy. If electrons
having nearly opposite momenta (p, —p + q) are paired, the binding energy is less
than |wy|. For small g, which represents the net momentum (magnitude) of a pairon,
the energy momentum relation, also called the dispersion relation, is

wy = wo +cq <0, (6.14)

with ¢/vp = 1/2 (2/m) for 3D (2D), and vy = (26[:/"1*)1/2 is the Fermi velocity.
Equations (6.13) and (6.14) play very important roles in the theory of superconduc-
tivity. We shall derive these equations in this and the next sections.

Two electrons near the Fermi surface can gain attraction by exchanging a phonon.
This attraction can generate a bound electron pair. We shall look for the ground state
energy of the Cooper pair (pairon). We anticipate that the energy is lowest for the
pairon with zero net momentum. Moving pairons will be considered in the following
section.

We consider a 2D system. This will simplify the concept and calculations. The
3D case can be treated similarly. Let us take two electrons just above the Fermi
surface (circle), one electron having momentum k and up spin and the other having
momentum —k and down spin, see Fig. 6.1. We measure the energy relative to the
Fermi energy €r:
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Fig. 6.1 A stationary Cooper
pair having zero net
momentum

k
ek =e = -~ - (6.15)

The sum of the kinetic energies of the two electrons is 2¢;. By exchanging a
phonon, the pair’s momenta change from (k, —Kk) to (k/, —k’). This process lowers
the energy of the pair.

We have earlier derived Cooper’s equation in Equation (4.62). We set ¢ = 0, and
write down the energy-eigenvalue equation,

1 ’
woA(K) = 2¢, A(K) — prTsAl f A’k A(K), (6.16)

where wy is the pairon ground-state energy, and A(k) the wave function; the prime
on the integral sign means the restriction:

0 < € < hwp. (6.17)

Equation (6.16) can be solved simply as follows. Consider the integral:
1 /
C=—- d*k A(K)), 6.18
T / (K) (6.18)
which is a constant. Assume that the energy wy is negative:

wo < 0. (6.19)

Then, 2¢; —wo = 2¢€; + |wg| > 0. After rearranging the terms in Equation (6.16)
and dividing the result by 2¢; + |wg|, we obtain

1

AkK) = ——C
® 2€r + |wol

(6.20)
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Substituting this expression into Equation (6.18) and dropping the common fac-
tor C, we obtain

/ ) 1
= vo [ d*k ———— (6.21)

(2 h)? 2€; + |wol|”

By introducing the density of states at the Fermi energy, A/(0), we can evaluate
the k-integral as follows: (Problem 6.2.1)

hwp 1

1
de 5 ue = 50N O Inl(2hop + fwol)/woll

1= UON(O)/
0

Solving this equation, we obtain

_ —2hC()D
T expl2/u N O — 1

(6.22)

We find a negative energy for the stationary pairon. The vy-dependence of the
energy wy is noteworthy. Since exp(2/x) cannot be expanded in powers of x =
1oV (0), the energy wo cannot be obtained by a perturbation (v)-expansion method.
We note that formula (6.22) holds for 3D case with a 3D density of states.

Problem 6.2.1. Verify Equation (6.22).

6.3 Moving Pairons

The phonon exchange attraction is in action for any pair of electrons near the Fermi
surface. In general the bound pair has a net momentum, and hence, it moves. Such
a pair is called a moving pairon. The energy w, of a moving pairon can be obtained
from a generalization of Equation (6.16):

wga(k, q) = [e([k +q/2]) + (] —k + q/2D)]a(k, q)

1 TRy
~ G / d*k a(K, q), (6.23)

which is Cooper’s equation, Equation (1) of his 1965 Physical Review Letter [1-5].
We note that the net momentum q is a constant of motion, which arises from the fact
that the phonon exchange is an internal process, and hence cannot change the net
momentum. The pair wavefunctions a(k, q) are coupled with respect to the other
variable k, meaning that the exact (or energy-eigenstate) pairon wave functions are
superpositions of the pair wave functions a(k, q).

Cooper’s eigenvalue equation (6.23) can be derived, starting with a many-body
Hamiltonian. A derivation of Cooper’s equation was given in Section 4.4.
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We note that Equation (6.23) is reduced to Equation (6.16) in the small-g limit.
Using the same technique we obtain from Equation (6.23)

Vo

- ' 2 _ 1
1_(2nh)2fdk[€(|k+q/2|)+€(| K+q/2) + [wg 1™, (6.24)

We assume a quasifree-electron model, whose Fermi surface is a circle of the
radius (momentum)

krp = Qmiep)'/?, (6.25)

where m represents the effective mass. The prime on the k-integral means the re-
striction: 0 < e(|k+q/2]), (| —k+q/2|) < hwp. We may choose the z-axis along
q as shown in Fig. 6.2. We assume a small ¢ and keep terms up to the first order in
q. The k-integral can then be calculated as (Problem 6.3.1)

27h 2 /2 krtkp—1Lqcos@ k dk
ety [ gy [ e
Vo 0 kp+31qcosd |wq| + (k _kF)/ml

) /n/zde n |lwy| + 2hwp — vpg cos O (6.26)
! 0 lwy| + vrg cos O ’ ’

kp = miwphk}', (6.27)

where we retained the linear term in (kp/kp) only (kp < kp).
After performing the f-integration, we obtain (Problem 6.3.2)

Fig. 6.2 The range of the
integration variables (k, 6) is
restricted to the shell of
thickness kp
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wy = wo + (2/7)vrqg. (6.28)

A similar result for a 3D case:
wy = wo + (1/2)vrg (6.29)

was first obtained by Cooper (but unpublished). It is recorded in Schrieffer’s book
[71, Equation (2-15). As expected, the zero-momentum pairon has the lowest energy.
The excitation energy is continuous with no energy gap. The energy w, increases
linearly with momentum ¢ for small g, rather than quadratically. This arises since
the pairon density of states is strongly reduced with increasing momentum ¢, and
this behavior dominates the g increase of the kinetic energy. Pairons move like
massless particles with a common speed (2/m)vp.
The linear dispersion is valid for pairons moving in any dimension (D). In fact

Wy = Wy + cq, (6.30)

where c/vp = 1/2,2/m and 1 for 3, 2 and 1 D, respectively. (see Problem 6.3.3.)
Problem 6.3.1. Verify (6.26). Use the diagram in Fig. 6.2.
Problem 6.3.2. Derive (6.30).

Problem 6.3.3. Derive an energy-momentum relation [Equation (6.30)] for 3D with
the assumption of a Fermi sphere. Use a diagram similar to that in Fig. 6.2.

6.4 The Bose-Einstein Condensation

BCS [8] introduced electron-pair operators:

bf{ = clT(+cT_k_ = clT(CT_k, bx = c_xcx, (6.31)

where (c, ') are electron operators (spin indices omitted) satisfying the Fermi an-
ticommutation rules. They investigated the commutators among b and b, which
do not satisfy the usual Bose commutation rules. Based on these commutators and
b = 0, BCS did not consider the bosonic nature of the pairons. But the eigenvalues

for ni; = cl ef Ck, Ck, = cTcTczcl in the pair-states (ki,k;) are limited to O or 1
2 = O Ok Cha Ok = €162 p
(fermionic property), while the eigenvalues of the rotal pair number operator

no=y  bibx (6.32)
k

have no upper limit (bosonic property):

ny=0,1,2 . (6.33)
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The proof of Equation (6.33) was given in Section 5.2. Both fermionic and
bosonic natures of the pairons must be used in the total description of supercon-
ductivity.

The most important signature of many bosons is the Bose—Einstein Condensation
(BEC). Earlier we showed that the pairon moves with the linear dispersion relation,
see Equation (6.28),

wy, = wo + (2/m)vEpp = wo + cp, (6.34)
where we designated the pairon net momentum by the more familiar p rather than g.
Let us consider a 2D system of free bosons having a linear dispersion relation:

€ = cp, ¢ = (2/m)vr. The total number of bosons, N, and the Bose distribution
function:

1
fo(& B 1) = ——5——=fple) (>0) (¢=ppn) (6.35)
efle=m) — 1
are related by
/
N=>"falep:B. )= No+ Y fulep). (6.36)
)4 P
€,>0
where u is the chemical potential, § = (kg T)~!, and
No= (e Pr —1)7! (6.37)
is the number of zero-momentum bosons. The prime on the summation in Equation
(6.36) indicates the omission of the zero-momentum state. For notational conve-
nience we write
e=cp=Q2/m)vrp (0. (6.38)
We divide Equation (6.36) by the normalization area L2, and take the bulk limit:
N —>o00, L— oo while NL2?=n. (6.39)

‘We then obtain
1 / d*p fa(e) (6.40)
n—nygy=—— €), .
0 Qnh) P /B

where 1y = Ny/L? is the number density of zero-momentum bosons and 7 the total
boson density. After performing the angular integration and changing integration
variables, we obtain from Equation (6.40) (Problem 6.4.1)
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oo
2R 2 (n — ng) = f dy —— . (x = Be) (6.41)
0 )\._lex —1
L=t (< D). (6.42)
The fugacity A is less than unity for all temperatures. After expanding the inte-

grand in Equation (6.41) in powers of Ae ™ (< 1), and carrying out the x-integration,
we obtain

kzT?$2(0)
ny =n—ny= m, (643)
oo )\_k
2 =) —. O0<i<l 6.44
P =D i O=A=D (6.44)

k=1

We need ¢,(A) here, but we introduced ¢,, for later reference. Equation (6.43) gives
a relation among A, n and T'.

The function ¢,(A) monotonically increases from zero to the maximum value
¢>(1) = 1.645 as A is raised from zero to one. In the low-temperature limit, A = 1,
$(A) = ¢o(1) = 1.645, and the density of excited bosons, n,, varies like T? as
seen from Equation (6.43). This temperature behavior of n, persists as long as the
rhs of Equation (6.43) is smaller than n; the critical temperature T, occurs at n =
k3 T2¢>(1)/2m h?c?. Solving this, we obtain

kpT. =1.954hen'? (= 1.24 hvp n'/?). (6.45)

If the temperature is raised beyond T, the density of zero momentum bosons, n,
becomes vanishingly small, and the fugacity A can be determined from

kg T?a(3)
n—-= —m———

e > T (6.46)

In summary, the fugacity X is equal to unity in the condensed region: T < T,
and it becomes smaller than unity for 7 > T, where its value is determined from
Equation (6.46).

The internal energy density u, that is, the thermal average of the system energy
per unit area, is given by

1
=—— [ d&* . 6.47
u (27‘[h)2/ pef(e) (6.47)
This u can be calculated in a similar manner. We obtain (Problem 6.4.2)

@3 (1) ok T_3¢3()»)

YT arep T T T g1

(6.48)

The molar heat capacity at constant density (volume), C,, is
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L ou(T, n)

C=C, =Rnkpg)”
(nkp) T

, (6.49)

where R is the gas constant. The partial derivative du/dT may be calculated through

ou(T, n) _ ou(T, ) n ou(T, r) oA(T, n)
oT  aT EN oT

_ou(T.x)  du(T, %) an(T, 1)/dT

(6.50)
aT an  on(T, A)/on

(Problem 6.4.3). All quantities (n, u, C) can now be expressed in terms of ¢,,()).
After straightforward calculations, the molar heat capacity C is (Problem 6.4.4)

i 2¢5(1)
C = R(wh*c*nkp) k3 T? |:3¢3()”) B %]

2
— 6R (Z) A P23 6.51)
T.) ¢(1) ¢1(1)

In the condensed region T < T, the fugacity A is unity. We observe that as
A—1,

i)=Y kT =00, $a(h) > ha(1) = 1.645,
1

b3(0) — ¢3(1) = 1.202,  ¢u(A) — ¢a(1) = 1.082. (6.52)

Using these, we obtain from Equations (6.48) and (6.51)

nT7’
u = 2nkp zil; = (6.53)
2
c = orPWM (1) . (T <T) (6.54)
¢2(1) \ T,

Observe that the molar heat capacity C grows like T2. Also note that the molar
heat capacity C at T is given by

¢3(1)

C(T.) = Cnax = 6R
(1)

=4.38R. (6.55)

For T > T, the temperature dependence of A, given by Equation (6.46), is quite
complicated. We can numerically solve Equation (6.46) for A by a computer, and
substitute the solution in Equation (6.51) to obtain the temperature behavior of C.
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Fig. 6.3 The molar heat capacity C for 2D massless bosons rises like T2, reaches 4.38 R at 7., and
then decreases to 2R in the high-temperature limit

The result is shown in Fig. 6.3. Equations (6.51) and (6.50) allow us not only to
examine the analytical behavior of C near T = T, but also to obtain C without
numerically computing the derivative du(T, n)/dT .

In summary, the molar heat capacity C for a 2D massless bosons rises like T2
in the condensed region, reaches 4.38 R at T = T, and then decreases to the high-
temperature-limit value 2R. The heat capacity changes continuously at 7 = T,
but its temperature derivative dC(T, n)/dT jumps at this point. The order of phase
transition is defined to be that order of the derivative of the free energy F whose
discontinuity appears for the first time. Since Cy = T(0S/dT)y = —T (> F/oT?),
dCy /0T = —T(3F/dT3) — (8*>F/9T?), the B-E condensation is a third-order
phase transition. Note that the temperature behavior of the heat capacity C re-
sembles that observed in YBCO shown in Fig. 1.12. The condensation of massless
bosons in 2D is noteworthy. This is not a violation of Hohenberg’s theorem [9] that
there can be no long range order in 2D, which is derived with the assumption of
an f-sum rule representing the mass conservation law. In fact no B-E condensation
occurs in 2D for finite-mass bosons.

Problem 6.4.1. Verify Equation (6.41).
Problem 6.4.2. Verify Equation (6.48).
Problem 6.4.3. Prove Equation (6.50).

Problem 6.4.4. Verify Equation (6.51).
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6.5 The BECin 3D, € = cp

The BEC of free massless bosons moving in 3D will be treated in this section. We
state the theories and results concisely.
In the bulk limit the normalization condition is given by

1
o= s / &p fle: B, (6.56)

which is reduced to (Problem 6.5.1)

kyT3d3(0)
where ¢,,(1) is given in Equation (6.44):
m(A) = —. 0=<a<1
Pm(2) ; T )

This equation gives a relation among (n, T, A).
The function ¢3(A) has the maximum value 1.202 at A = 1, and it decreases
monotonically as A is reduced to zero. We obtain

r=1 forT < T,, (6.58)

where the critical temperature T, is given by

25303 1/3
kpT, = [—”¢ (f)”} —2.017 hen', (6.59)
3

and that A becomes less than unity for 7 > T, where A is determined from
P n = kT s(0). (T > Tp) (6.60)

The excited boson density n, = n —ng in the condensation region (7' < T,) rises
like 73. The density of zero-momentum bosons, ng, varies as

3
no T
—=1- (—) forT < T,. (6.61)
n T.

The internal energy density u is (Problem 6.5.2)

3nkpT*¢a(1)
T3¢3(1)

/ dpefle) = (6.62)

T 2nhy
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This u rises like 7* in the condensation region:
ux T, (T <T) (6.63)

which is similar to the case of black-body radiation (Stephan-Boltzmann law). The
u is continuous at 7.
The molar heat capacity C = R(nkg)~'ou(T, n)/dT is (Problem 6.5.3)

<T>3ma> <T>3
cC=1R(=) 222 —108R(=~), forT <T,, (6.64)
T.) ¢(D) T,
3
C = 12R (1) Pa1) g g M) T.. (6.65)
1. ) ¢3(1) d2(1)

The temperature behavior of C is shown in Fig. 6.4. We see here that the molar
heat C has a discontinuous drop AC at T,

_ 9Res(1)

AC = =6.57R. (6.66)
¢2(1)

The ratio of this jump to the maximum heat capacity Cy.x = 10.8R is a universal
constant:

AC  657R
Coax  10.8R

= 0.608. (6.67)

The heat capacity C(T') just below T, obeys a T3-law, which is similar to De-
bye’s T3-law for the heat capacity of phonons at low temperatures. Thus, the phase
transition is of second order in contrast to the third-order phase transition obtained
for the 2D bosons.

10.8
C/IR 3D
€=cp
Fig. 6.4 The molar heat 6

capacity C for 3D massless

bosons rises like 73, and 4251 .
reaches 10.8 R at the ;

transition temperature

T. = 2.02 hicn'/3. Tt then 2
drops abruptly by 6.57 R and TITc
approaches the 0 |

high-temperature limit 3 R
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Problem 6.5.1. Verify Equation (6.57).
Problem 6.5.2. Verify Equation (6.62).
Problem 6.5.3. Verify Equations (6.64) and (6.65).

6.6 Discussion

The idea that the superconductivity is a manifestation of the BEC has long been
suspected. The superconductivity in a metal and the superfluidity in liquid helium
have many similarities. Both involve dissipationless flows, and they occur at very
low temperatures. In particular Fritz (F.) London treated superconductivity and su-
perfluidity from the BEC point of view in his two-volume books [10].

The BEC temperature 7, in D dimension can be found from

1 1
=—|d°p———M = cp. 6.68
"0 = Gy / P easpe/bgTo—1 €= (©:68)
Using (6.28), (6.29), (6.29) and (6.59) we obtain (Problem 6.5.1)

1.01hven)” kg (3D)
T, = (6.69)
1.24hvgn)/*/ks  (2D).

The 2D BEC is noteworthy since the BEC of massive bosons (¢ = p?/2m) is
known to occur in 3D only. The interpairon distance ro computed from Equation
(6.69) is

ng'? = 1.01hvp/kpT,  (3D)
ro = (6.70)
ng > = 1.24hvp/ksT, (2D),

The zero-temperatures BCS pairon size [8] is given by

hvp hUF
=—=0.18 . 6.71
&o A KT, (6.71)
From the last two equations we obtain
|56 @(3D)
ro/§0 = { 69 (2D). (6.72)

indicating that the condensed pairons do not overlap in space. Hence, the free pairon
model can be used to evaluate 7.

The similarity in 2D and 3D BEC is most remarkable. In particular the critical
temperature 7, depends on (v, ro) nearly in the same manner. Now, the interpairon
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distance ry is different by the factor 10> ~ 10* between 3D and 2D superconductors.
The Fermi velocity v is different by the factor 10 ~ 102. Hence the high critical
temperature in 2D superconductors is explained by the very short interpairon dis-
tance, partially compensated by a smaller Fermi velocity.

We stress that formulas (6.69) for the critical temperatures were distinct from the
famous BCS formula (in the weak coupling limit):

kT, = 1.13 hwp exp [ (6.73)

1
voN 0) ] ’

where wp is the Debye frequency, vy the pairing strength, and A/(0) the density of
states per spin at the Fermi energy.
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Fig. 6.5 The quasiparticle dispersion relations derived from the momentum distribution curves
along (0, 0)—(I1, II) for (a) LSCO at 20K, (b) Bi2212 at 20 K. Both materials are in supercon-
ducting states with the doping § indicated after Lanzara et al. [11]. (¢) The dispersion relation for
Bi2201 at 30 K (normal state). (d) [(e)] The temperature dependence of the dispersion relation for
LSCO at § = 0.15 [Bi2212 at § = 0.16]. Note that the energy scale is measured downward. The
arrows indicate slope changes in the curves
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The pairon density ny and the Fermi velocity vy appearing in Equations (6.69)
can be determined experimentally from the data of the resistivity, the Hall coeffi-
cient, the Hall angle, the specific heat, and the superconducting temperature.

The linear dispersion relation can be probed by using Angle-Resolved PhotoE-
mission Spectroscopy (ARPES). Lanzara et al. [10] studied the dispersions in three
different families of hole-doped copper oxides: Bi,Sr,CaCu,Og (Bi2212), Pb-doped
Bi,;Sr,CuOg (Pb-Bi2201), and La;_, Sr,CuO4 (LSCO). A summary of the data, re-
produced from [11], Fig. 1, is shown in Fig. 6.5. The energy is measured downwards
and the reduced momentum £ is in the abscissa. See the more detailed specifications
in the original reference. The data in Fig. 6.5 (a) and (b) are in the superconducting
states while those in Fig. 6.5 (c) are in the normal state. Note that in all three cases
the dispersion relation is linear for low k and quadratic for high k. The phonon
energy has an upper limit of the order hwp (Debye energy) and hence, the quasi-
particle (pairon) mediated by the phonon exchange must have a finite energy. The
change of the slopes, indicated by thick arrows, occurs around 50-80 meV, which
are distinct from the superconducting energy gaps (10 ~ 50 meV). The energies
50-80meV appear to correspond to the energy of the in-plane oxygen-stretching
(breathing) longitudinal optical phonon.

Figure 6.5 (d) and (e) indicate that the dispersion relations do not change above
and below 7, for LSCO and Bi2212, respectively. The pairons have linear disper-
sions relation with the same slope both below and above T,. Thus, the ARPES fully
supports our BEC picture of superconductivity. We stress that the pairons do not
break up at 7, as thought in the original BCS theory.

Problem 6.6.1. Verify Equation (6.69) for 2 and 3D.
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Chapter 7
Quantum Tunneling

The I-V curves for the quantum tunneling for S-I-S and S;-I-S, sandwiches are
interpreted based on the pairon transport model. The data analysis yields a direct
measurement of the pairon energy gap €,(T') as a function of temperature 7. The
negative resistance (d1/dV < 0) in the I-V curve for the S|-I-S, system arises
from the bosonic nature of the moving pairon.

7.1 Introduction

In the last chapter we saw that there are two energy gaps (A, €,), A in the quasi-
electron and €, in the pairon energy spectrum. Although both (A, €,) are called
energy gaps, they are different in character. The pairon energy gap €, is the energy
separation between the stationary and moving pairons as shown in Fig. 7.1 (a). This
gap is similar to the ionization gap between the discrete ground state energy level
and the continuous ionized-states energy band in an atom. In contrast, the quasi-
electron energy gap A appears in the energy of a quasi-electron:

E; = (e +AH'2, (7.1)

where ¢ is the energy of the Bloch electron. Equation (7.1) indicates that the
quasi-electron in the superconducting state has a higher energy than the electron
in the normal state. Looking at the energy spectrum as a whole, we note that the
quasi-electrons have the minimum excitation energy A relative to the Fermi energy
as shown in Fig. 7.1 (b). The gap A defined in terms of the energy of the quasi-
electron is compared with the energy of the electron in the normal state. As we saw
in (Problem 3.3.9), the Fermi surface is blurred in the superconducting state, and no
sharp Fermi energy exists, which is indicated by the dash line. Hence, the photo-
absorption experiments, if performed, will detect the pairon energy gap €, and not
the electron energy gap A. The quantum tunneling techniques can also detect only
the pairon-energy gaps €,.

S. Fujita et al., Quantum Theory of Conducting Matter, 89
DOI 10.1007/978-0-387-88211-6_7, © Springer Science+Business Media, LLC 2009
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Quasi—electron
energies

Moving pairon

Stationary pairon @ —_—_x» ___ _ _ __ _ Fermi energy

(@ (b)

Fig. 7.1 (a) The moving and stationary pairons have an energy gap €,. (b) Quasi-electron energies
have a minimum separation A relative to the Fermi energy (dashed line)

7.2 Quantum Tunneling in S-I-S Systems

We discuss a quantum tunneling in Al-Al,O3—Al. A typical experimental setup is
schematically shown in Fig. 7.2. Here, S| and S, are superconductors and / is an
oxide (insulator thin film) of width ~ 20 A. The system S;-I-S; is connected with
a variable resistor and a battery. In the present section we consider the case where
the same superconductors are used for both S; and S,. Such a system is called an
S—I-S system.

The operating principles are as follows. If the bias voltage is low, charged parti-
cles may quantum-tunnel through the oxide; the resulting current is low. When the
voltage is rasied high enough, the supercondensate may release moving pairons, and
the resulting pairons may tunnel and generate a sudden increase in the current. By
measuring the threshold voltage V;, we obtain information on the energy gaps. The
experimental I (current)-V (voltage) curves for Al-Al,Os;—Al sandwich obtained by
Giaever and Megerle [1] are reproduced in Fig. 7.3. The main features of the I-V
curves (see the two lowest lines at 7 = 1.10, 1.08 K, T, = 1.14 K) are:

O,

Si 1 S2

Fig. 7.2 A schematic sketch I I /\W

of quantum tunneling circuit



7.2 Quantum Tunneling in S-I-S Systems 91

Al-Al,05-Al

0.08

0.06 -

0.04 |-

0.02 |

mV
1

1
0.2 0.4 0.6 0.8

0

Fig. 7.3 Current—voltage characteristics of an Al-Al,O3—Al “sandwich” at various temperatures,
after Giaever and Megerle [1]. 7, = 1.14K

(a) An (anti)symmetry with respect to the zero voltage (not shown)

(b) A nearly flat small current below some threshold voltage V.

(c) A sudden current increase near the thresehold is temperature-dependent, and the
slope d1/dV becomes steeper as temperature is lowered.

(d) All I-V curves are below the straight line representing Ohm’s law behavior at
4.2K.

(e) There is no sudden change in the I-V curve at 7, (1.14K).

We shall analyze the experimental data based on the pairon transport model.
Giaever et al. interpreted the data based on the electron transport model [1-3].
Earlier we gave our view that the pairon gap €, is the real energy gap similar to
the ionization energy gap and can be probed by optical experiments. We give one
more reason why we choose the pairon transport model. Tunneling experiments are
done in a steady-state condition, in which all currents in the superconductors S; are
supercurrents; that is, the changes are transported by the condensed pairons. Pairons
are in negative-energy states, while quasi-electrons have positive energies. By the
Boltzmann (factor) principle, these pairons are much more numerous than quasi-
electrons at the lowest temperatures. Besides, our pairon transport model is a natural
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one since we deal with pairons throughout in the S-I-S sandwich. In Section 11.1
we shall see that the Josephson tunneling, which occurs with no bias, can also be
discussed in terms of the pairon motion.

Consider first the low-temperature limit. If the voltage is raised high enough, part
of the supercondensate near the oxide may dissociate and release moving pairons,
and some of these pairons gain enough energy to tunnel through the oxide. The
threshold voltage V; times the pairon charge (magnitude) 2e should equal twice the
binding energy |wyl:

2eV, = 2w or eV, = |wy| (7.2)

(The factor 2 in front of |wy| will be explained later). Such behavior is in accordance
with experiments [4], where extremely sharp slope is observed.

The behavior shown in Fig. 7.3 is now interpreted with the aid of the diagrams in
Fig. 7.4, where the energy spectra for pairons in S; and S, are shown. The ground
pairon energy levels are chosen to have the same height, ensuring that with no bias
voltage, no supercurrent flows in S—I-S. Since we have the same superconductors
(S1=S5), we have one energy gap €,. The energy spectrain S; and S, are symmetric
with respect to I (oxide). Then the I-V curve is antisymmetric as stated in (a).
[In contrast, if different conductors are substituted for (S;, S»), the I-V curve is
asymmetric. We discuss this case in Section 7.3.]

To see this antisymmetry, first consider the case when a small voltage is applied.
Those quasi-particles carrying the positive (negative) charges in the oxide tend to
move right (left). Second, if we reverse the bias, then the opposite tendency holds. If
the energy spectra on both sides are the same, the [-V curves must be antisymmetric.
This case can be regarded as a generalized Ohm’s law:

1%

1 = W, (small V) (7.3)

where R is a resistance, a material constant independent of the polarity of the volt-
age; R may depend on V, which is the said generalization.

LS LSS e

pairons

&g &y

condensed
pairons

S I S

Fig. 7.4 Pairon energy diagram for S—I-S
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Let us now derive a basic formula for the quantum tunneling. Assume that a +
pairon having charge ¢ = 2e tunnels rightward from S; to S,. The pairon in S; must
arrive at the interface (S;, I) with the positive (righward) velocity. Inside S; there
are excited pairons (bosons) moving independently in all directions and populated
with the Planck distribution function:

f(e) = ﬁ, € =cp, c=vp/2. (7.4)
The pairon chemical potential vanishes below T,. This condition is similar to the
case of black-body radiation (inside an oven maintained at a temperature 7), where
photons move and are isotropically distributed.
We ask how many pairons arrive at the small interface element AA per unit time
in a particular direction (0, ¢). The number density of pairons moving in the right
direction within the solid angle:

dQ = sind do do, (7.5)

see Fig. 7.5, is given by

1
P f(e) p*dpdQ. (7.6)

Noting that all parions move with the same speed c, we obtain
1
pairon flux = ¢f (e)2nh) > p>dp dQ = Eva(e)(Zﬂh)_3 p2dpdQ. (7.7)

Notice that this expression is the same as that for the photon flux escaping from
a small hole in the oven wall in a specified direction (6, ¢). Upon arriving at the
interface, some pairons may be kicked in rightward through the oxide, gain energy
equal to 2eV, and reach S,. The quantum tunneling here is similar to the elastic
potential scattering. Only the final state must have an energy higher by 2eV than the
initial state so that

0
Gd‘
normal

AA=area at
interface

dQ

Fig. 7.5 A pairon proceeding in the solid angle d{) and located within the quasi-cylinder reaches
the interface area AA in the time dt
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€r =¢ +2eV, (7.8)

which takes care of the energy gain during its passage through the oxide. We may
then describe the quantum tunneling in terms of the quantum transition rate

2 2
R:?|(pf|v|pi>| dep — €), (7.9)

where v is a tunneling perturbation (energy). The precise nature of the perturba-
tion does not matter; the perturbation’s only role is to initiate a quantum tunneling
transition from p; to py. Such perturbation may come from lattice defects, inter-
face irregularities, and others. We assume that the absolute square martix element,
[(prlvipi) |2, is a constant;

l(pslvlp:) > = M2, (7.10)

which is reasonable because of the incidental nature of the perturbation.
Equation (7.9) may be used if and only if the energy of the final state €, is in an
energy continuum. This may be satisfied by the excited pairon states in the final-
state, depending on ¢;, €7, and 2eV. If not, quantum tunneling cannot occur. We
multiply Equations (7.7) and (7.9) together and integrate with respect to d{) over the
right-half, and further integrate with respect to dp. Since the + pairon has charge
2e, we multiply the result by 2e to obtain an expression for the current density J as

2
4”2]" (— F) / f(e)(2 i)deS(ef—e—%V) (7.11)

px>0

The Q-integration equals one-half of the integration over all directions. Integra-
tion with respect to the initial-state p; may be replaced by integration with the final
state ps. If we use the identity:

Q2 h) /d31’f5(€f — &) = Ny(e), (7.12)

where N r s the density of states at the final state, then, we can reexpress (7.11) as

2 e
J = FCM Sevr fiOl + frle +2eV)INy(e + 2eV). (7.13)

Here we added two correction factors: C (a constant) and [1+4 f;(e +2eV)]. The
arguments, € +2eV in Ny and f; represent energies measured relative to the energy
level fixed in the superconductor S;. Fermi’s golden rule for a quantum transition
rate, is given by

R(p, po) = 27/M)[(plvIpo) > Ny (e). (7.14)



7.2 Quantum Tunneling in S-I-S Systems 95

Thus, Equation (7.13) can be interpreted simply in terms of this rate R. Bardeen
pointed out this important fact [5] right after Giaever’s experiments [2, 3]. The ap-
pearance of the Planck distribution function f;(€) is significant. Since this factor
arises from the initial-state pairon flux, we attach a subscript i. In the derivation we
tacitly assumed that all pairons arriving at the interface (S;, I) can tunnel to S and
that tunneling can occur independently of the incident angle relative to the positive
x-direction. Both assumptions lead to an overestimate. To compensate for this, we
included the correction factor

C (< D). (7.15)

In consideration of the boson-nature of the pairons, we also inserted the quantum
statistical factor

1+ fr(e). (7.16)

Let us summarize the results of our theory of quantum tunneling.

1. The dominant charge carriers are moving pairons.

2. In the rightward bias (V; > V,), +(—) pairons move preferentially right (left)
through the oxide.

3. The bias voltage V = V| — V, allows moving pairons to gain or lose an energy
equal to 2eV in passing the oxide.

4. Quantum tunneling occurs at € ; = ¢; £ 2eV, and it does so if and only if the
final state is in a continuous pairon energy band.

5. Moving pairons (bosons) are distributed according to the Planck distribution law,
which makes the tunneling current temterature-dependent.

6. Some pairons may separate from the supercondensate and directly tunnel through
the oxide.

7. Some condensed pairons may be excited and tunnel through the oxide, which
requires an energy equal to twice the energy gaps €, or greater.

Statements 1-6 are self-explanetory. Statement 7 arises as follows: the minimum
energy required to raise one pairon from the ground state to the excited state in S; is
equal to the energy gap €,. But to keep the supercondensate neutral, another pairon
of the opposite charge must be taken away, which requires an extra energy equal to
€, (or greater). Thus, the minimum energy required to move one pairon from the
condensate to an excited state and keep the supercondensate intact is 2¢,. In the
steady-state experimental condition, the initial end final states must be maintained
and the supercondensate be repaired with the aid of the bias voltage. The oxide is
used to generate a bias. If the oxide layer is too thick, the tunneling currents are too
small to measure.

We now analyze the S-I-S tunneling as follows. For a small bias V below the
threshold bias V; such that

V <V, =e,(T)/e. (7.17)
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The excited pairons already present in S| and S, may tunnel through the oxide.
The current / is small since the number density of excited pairons is small. It should
reach a plateau, where all excited pairons, whose total number is fixed at a given
temperature, contribute; this explains feature (b).

Above the threshold V;, some of the condensed pairons in the supercondensate
may evaporate so that the resulting excited pairons tunnel through the oxide. The
tunneling current is much greater, since the supercondesate is involved. Giaever
et al. [1,4] observed that the threshold voltage V; depends on the temperature 7' and
could determine the energy gap €,(7) as a function of T'. Figure 7.6 represents part
of their results.

Above T there are no energy gaps (¢, = 0), and so electrons may be excited
more easily. There are moving pairons still above 7. Since the number densities of
“electrons” and “holes” outweigh the density of pairons far above T, the I-V curve
should eventually approach the straight line, which explains feature (d). Feature
(e) supports our hypothesis that current passing through the oxide is carried by
pairons. If quasi-electrons that become normal electrons above 7, were involved
in the charge transport, then the current / would have followed the ideal (Ohm’s
law) straight line immediately above T, in disagreement with the experimental
observation.

Quantum tunneling is a relatively easy experiment to perform. It is most remark-
able that the energy gap €,, which is one of the major superconducting features, can
be obtained directly with no calculation.

The energy gap €,(T') can also be measured in photo-absorption experiments.
These experiments [6,7] were done before the tunneling experiments, and they give
similar curves but with greater errors, particularly near 7,. We briefly discuss this
case. First, consider the case of 7 = 0. The binding energy is equal to |wg|. The
threshold photon energy Ae above which a sudden increase in absorption occurs, is
twice the binding energy |wy|:

Ae = 2wy| [=26,(0)].  (0K) (7.18)
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Fig. 7.6 Variation of the measured energy gap €,(T') with temperature
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The photon is electrically neutral, and hence, cannot change the charge state
of the system. Thus, the factor 2 in Equation (7.18) arises from the dissociation
of two pairons of different charges 4= 2e. This is similar to the electron-positron
pair creation by a y-ray, where the threshold energy is 2mc? (¢ = light speed). The
threshold energy Ae was found to be temperature-dependent. This can be interpreted
simply by assuming that threshold energy corresponds to twice the pairon energy

gap:

Ae =2¢,(T). (7.19)

7.3 Quantum Tunneling in S;-I-S,

Giaever and his group [1-4] carried out various tunneling experiments. The case
in which two different superconductors are chosen for (S;, S) is quite revealing.
We discuss this case here. Figure 7.7 shows the I-V curves of an Al-Al,03;—Pb
sandwich at various temperatures, reproduced from [1]. The main features are:

(a’) The curves are generally similar to those for S—-I-S, shown in Fig. 7.3. They
exhibit the same qualitative behaviors (features b—e).
(b") There is a distinct maximum at

2eV, = €51 —€pp =€ — €2, (7.20)

where ¢; are the energy gaps for superconductors i.

(c’) Above this maximum there is a negative resistance region (d1/dV < 0). (see
the inset in Fig. 7.7)

(d’) Below T, for both conductors, there is a major increase in current at

2eV), = €1 T €2 =€ + €. (7.21)

The I-V curves will now be interpreted with the aid of diagrams in Fig. 7.8. There
are two energy gaps (€, €2). We assume that €; > €,. No right-left symmetry exists
with respect to the oxide, meaning no antisymmetry in the I-V curve, see below.

Consider first the case of no bias. Excited pairons in the oxide may move right
or left with no preference. Therefore there is no net current. Suppose we apply a
small voltage. The preferred direction for the + pairon having 2e is right while that
for the — pairon (having —2e) is left. From the diagram in Fig. 7.8, we see that 4
paisons from S; can preferentially move (tunnel) to S,, which contributes a small
electric current running right. The — pairons from S, can preferentially move to Sy,
which also contributes a tiny electric current running right. This contribution is tiny,
since the excited pairons in S, must have energies greater by at least €; (> €;); by
the Boltzmann factor argument, the number of excited pairons must be extremaly
small.
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Fig. 7.7 The I-V curves of
Al-Al,O3;-Pb sandwich at
various temperatures. After
Giaever and Megerle [1]

Fig. 7.8 Pairon energy
diagrams for S;-1-S,

We now increase the bias and examine the behavior of the net current. Earlier we
enumerated a set of conditions for quantum tunneling. Below the threshold bias V,
defined by €; — €, = 2¢V,,, the main contribution is due to the 4 pairons tunneling
from S; to S;. Above the threshold V,, — pairons may preferentially tunnel from
S> to S; with the aid of the bias voltage V (> V,). Their contribution should be
much greater than that coming from those + pairons because the number of excited
pairons in S, is much greater than that of excited pairons in S; since €; > €. This
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is the main cause of the distinct current maximum in feature (b’). The total mumber
of excited pairons in S; is fixed, and therefore there should be a second plateau.

Why does a negative resistance region occur, where d1/dV < 0?7 We may ex-
plain this most unusual feature as follows. First we note that formula (7.13) applies
at a specific energy € correspnding to the initial momentum p. Integration with re-
spect to de yields the observed current. As the bias voltage V reaches and passes V,,
the extra current starts to appear and increase because more pairons can participate
in the new prosess. The current density of the participating pairons is proportional
to

/ de N(e) f2(e)[1 + fi(e +2¢eV)]

0

= A/Oode EHEN+ file+2V)]. (=2, f=1) (122
0

For great values of V (not exceeding V},), the Planck distribution f;(e +2eV') be-
comes very small, and the above integral in Equation (7.22) equals the total number
denstiy of excited pairons n; in S;:

A / b de €% f>r(€) = n,. (7.23)
0

For an intermediate range between V,, and V,, but near V,, the Planck distribution
function fr(e +2eV) does not vanish, and therefore it should generate a maximum,
as observed in the experiment. We emphasize that this maximum arises because of
the boson-nature of pairons. If we assume the electron (fermion) transport model,
formula (7.13) for the quantum-tunneling current must be modified with the quan-
tum statistical factors:

Do — £ +ev)l, (7.24)

where fr represents the Fermi distribution function. The modified formula cannot
generate a maximum because of the negative sign in front of the fpf ).
If the bias voltage is raised further and passes the threshold voltage V), defined

by
€l — €+ 26 =€+ =2V, (7.25)

the new process 7 becomes active. Since this process originates in the supercon-
densate, the resulting current is much greater, which explains the observed feature
(d).

The major current increases in S—I-S and S;—I-S, systems both originate from
the supercondensate. The threshold voltages given in terms of the energy gaps €; are
different. Current increases occur at 2¢€ for S—I-S and at €; + €; for S;-I-S,. Using
several superconductors for S;, one can make a great number of S;—-I-S, systems.
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Giaever and his group [1, 4] and others [8—10] have studied these systems. They
found that the I-V curves have similar features. Extensive studies confirm the main
finding that the energy gap €,(T') can be obtained directly from the quantum tunnel-
ing experiments. Taylor, Burstein and others [8—10] reported that in such systems as
Sn—I-TI, there are excess currents starting at e and €g, in addition to the principal
exponential growth at ey + €g,. These excess currents may be accounted for by
applying rule 6 to the non-predominant pairons, which have been neglected in our
discussion.

As noted earlier the right-left symmetry is broken for the S;—I-S, system. Hence
the I-V curve is asymmetric. This can be shown as follows. Consider two cases

(A) : rightward bias V| > V>, (B) : leftward bias V| < V,. (7.26)

In case (A) +(—) pairons move through the oxide preferentially right (left), while
+(—) pairons move preferentially left (right) in case (B). We assume the same volt-
age difference | V| — V| for both cases and compute the total currents. For case (A)
the total current I4 is the sum of the current /™ arising preferentially from the +
pairons originating in S; and the current /~ arising from the — pairons originating
in S;. Both currents effectively transfer the positive charge right (in the positive
direction): 7t =@ = 0. For case (B) there are two similar contributions, which
are both negative. In summary

A): I,=1" V417 @ >0, [0 7@ 5, (7.27)
B):Ig =1t 4+ 17D <0, [T@ =D <, (7.28)

If the same superconductors are used for the two sides (S; = S,), then from the
generalized Ohm’s law we have

1T — _I-HZ)7 17 = —1_(1), (7.29)
Iy =—1Ip if S =5, (7.30)

indicating that the [-V curve is antisymmetric. If different superconductors are used,
Equations (7.29) do not hold. Then in general

al # 1] if S # 8. (qed) (7.31)

The preceding proof may be extended to any type of charge carrier including the
electrons.

Let us now go back and discuss the -V curves for the S;—I-S, systems. For
elemental superconductors, both & pairons have the same energy gaps. Therefore,
the magnitudes of threshold voltages are independent of the bias direction. But by
inequality (7.31) the magnitudes of tunneling currents (at the same voltage) are un-
equal. For a high-T, cuprate superconductor, there are two energy gaps (€1, €;) for £
pairons. The -V curves for S;—I-S; systems are asymmetric and more complicated.
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7.4 Discussion

The quantum tunneling experiment allows a direct determination of the pairon en-
ergy gap €,(7') as a function of temperature 7. This T-dependence originates in the
presence of the supercondensate. The I-V curve for S;—I-S; system has a cusp at the
gap difference: 2eV, = €| — €,. Using this distinctive property, we may determine
the energy gap €, more precisely. The observed negative resistance region just above
the cusp can be explained based only on the bosonic pairon transport model but not
on the fermionic electron transport model.
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Chapter 8
Compound Superconductors

Compound superconductors exhibit type II magnetic behaviors, and they tend to
have higher critical fields than type I superconductors. Otherwise they show the
same superconducting behavior. The Abrikosov vortex lines, each consisting of a
quantum flux and circulating supercurrents, are explained in terms of a supercon-
densate made up of condensed pairons. Exchange of optical and acoustic phonons
are responsible for type II behavior.

8.1 Introduction

A great number of compound superconductors have been discovered by Matthias
and his group [1,2]. A common feature of these superconductors [3] is that they ex-
hibit type II magnetic behavior, which we explain fully in Section 8.2. Briefly these
type II superconductors show the main superconducting properties: zero resistance
below the upper critical field H.,, Meissner state below the lower critical field H,|,
flux quantization, Josephson effects, and gaps in the elementary excitation energy
spectra. The critical temperatures 7, tend to be higher for compounds than for type
I elemental superconductors, the highest 7, (~ 23 K) being found for Nb;Ge. The
upper critical fields H., for some compounds including Nb3;Sn can be very high,
some reaching 2 x 10°G = 20T, compared with typical 500G for type I super-
conductors. This feature makes compound superconductors very useful in devices
and applications. In fact, large-scale application and technology are carried out by
using type II compound superconductors. Physics of compound superconductors
are more complicated because of their compound lattice structures and associated
electron and phonon band structures. But the superconducting state is essentially
the same for both elemental and compound superconductors. From this reason the
microscopic theory can be developed in a unified manner.

8.2 Type II Superconductors

The magnetic properties of type I and type II superconductors are quite different.
A type I superconductor repels a weak magnetic field from its interior below the

S. Fujita et al., Quantum Theory of Conducting Matter, 103
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critical temperature 7, while a type II superconductor allows a partial penetration of
the field below 7. This behavior was shown in Fig. 1.13. Because of the penetration
of the magnetic field B, the superconducting state is more stable, making the upper
critical fields in type II higher. The magnetization M and the magnetic flux density
(field) B versus the applied magnetic field H, for type II are shown in Fig. 8.1. The
(dia)magnetization M (< 0) is continuous at the lower critical field H,; and also at
the upper critical field H,,. When the applied field H, is between H,; and H,,, there
is a penetration of magnetic fluxes, and a complicated structure having both normal
and super region are developed within the sample. In this so-called mixed state, a
set of quantized flux lines penetrate, each flux line being surrounded by diamagnetic
supercurrents, See Fig. 8.2. A quantum flux line and the surrounding supercurrents
are called a vortex line. The B-field is nonzero within each vortex line, and it is
nearly zero excluding where the vortices are. Such a peculiar structure was pre-
dicted by Abrikosov in 1957 [4] on the basis of an extention of the G-L theory [5].
This Abrikosov vortex structure was later confirmed by experiments [6] as shown
in Fig. 8.3. Each vortex line contains a flux quantum ®, = mh/e. Penetration of

two transitions

"
0 Her He I'['cZ "
a
Applied magnetic field —
@)
B
1
I
]
I
|
Fig. 8.1 (a) Magnetization 1
curves of type II , |
superconductors. Below the y: :
lower critical field H,, type 7 |
II exhibit the same Meissner 7 . ] H
state (B = 0) as type L. (b) 0 Her He Hez a
The magnetic flux density Applied magnetic field —=
(field) B versus the applied (b)

magnetic field H,
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8.2 Type II Superconductors

Fig. 8.2 Quantized flux lines | @ @ @ \
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these flux lines does not destroy the superconducting state if the flux density is not
too high. If the applied magnetic field H, is raised further, it eventually destroys the
superconducting state at H.,, where flux densities inside and outside become the
same, and the magnetization M vanishes.

Why does such a structure occur only for a type II superconductor? To describe
the actual vortex structure, we need the concept of a coherence length &, which was
first introduced by Ginzburg and Landau [5]. In fact the distinction between the
two types are made by the relative magnitudes of the coherence length £ and the

penetration depth A:
£ =220 (typel), £ <220 (typell). (8.1)

Both £ and A depend on materials, the temperature and the concentration of im-
purities. The penetration depth A at 0 K is about 500A in nearly all superconductors.
The BCS coherence length & = hvy /A has a wider range: 25-10*A.

We now explain the phenomenon piece by piece.
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Fig. 8.4 Closely-packed
circular disks (pairons) rotate
around the flux
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We note the importance of flux quantization. Otherwise there is no vortex line.

. Any two magnetic fluxes repel each other, as is well-known in electromag-

netism; hence each vortex line contains one flux quantum ®y = 7w h/e.

Each magnetic flux in a superconductor is surrounded by a supercurrent with no
energy loss, forming a vortex line. As a result, the B-field practically vanishes
outside the vortex line.

Because of the supercurrent at the surface within the penetration depth A, the
B-field vanishes everywhere in the background.

The supercondensate is composed of condensed pairons, and hence the min-
imum distance over which the supercondensate density can be defined is the
pairon size. Because of the Meissner pressure, each vortex may be compressed
to this size. To see this, let us consider a set of four circular disks representing
two +(white) and two —(light dotted) pairons, as shown in Fig. 8.4. The four
disks rotate around the fixed flux line, keeping the surrounding background sta-
tionary. From Fig. 8.4 we see that the vortex line represented by the flux line
and the moving disks (pairons) has a radius of the order of the pairon size.
Vortices are round, and they weakly repel each other. This generates a hexagonal
closed-pack structure as observed, see Fig. 8.3

If the applied field H, is raised to H.,, the number density of vortex lines in-
creases (the dark part in Fig. 8.3 increases), so the magnetic flux density even-
tually becomes equal inside and outside of the superconductor, when the super
part is reduced to zero.

. If the field H, is lowered to H,.;, the number of vortex lines decreases to zero

(the dark part in Fig. 8.3 decreases), and the magnetic fluxes pass through the
surface layer only. These fluxes and the circulating supercurrents maintain the
Meissner state in the interior of the superconductor. This perfect Meissner state
is kept below H,,.

. The surface region where the supercurrents run is the same for H < H,;. This

region remains the same for all fields 0 < H < H,,, and it is characterized by
the penetration depth A.

Creation of vortex lines (normal part) within a superconductor lowers the mag-
netic energy, but raises the Meissner energy due to the decrease in the super part.
This thermodynamic competition generates a phase transition of the first order
at H,, see Fig. 8.5.

Penetration of the vortices lightens the magnetic pressure. Hence, the supercon-
ducting state is much more stable against the applied field, making the upper

flux line

pairon
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Fig. 8.5 (a) Specific heat of

type II superconductor (Nb)
in a constant applied 0.06F
magnetic field H. (b) The
phase diagram, after
McConville and Serin [7] )
T
x L]
T 04k
e -
o : (a)
2 H = 1030 (Oe)
ks .
)
£ |
Q / .
8 .02 . L
ey . [
? /
.I..
4 t
K & T(K)
0 | | | | |
4 5 6 7 8 9
4000
(b)
H(Qe)
2000

12.

critical field H,, much greater than the ideal thermodynamic critical field H,
defined by

1 Gy — G
—poH?> = —~———=2,
Mot %

(8.2)
Since the magnetization approaches zero near H = H,, (see Fig. 8.1), the phase
transition is of the second order. This is in contrast with type I, where the phase
transition at H = H, is of the first order. Data on heat capacity C in Nb by
McConville and Serin [7], shown in Fig. 8.5, indicate the second-order phase
transition. The heat capacity at the upper critical temperature 7., has a jump just
like the heat capacity at T, for a type I superconductor at B = 0, see Fig. 8.5.
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13. Why can a type I superconductor develop no Abrikosov structure? The type I
supercondensate is made up of large-size pairons on the order of 10*A. Vortex
lines having such a large size would cost too much Meissner energy to compen-
sate the possible gain in the magnetic energy.

In summary a type II superconductor can, and does, develop a set of vortex
lines of a radius of the order & in its interior. These vortices lower the magnetic
energy at the expense of the Meissner energy. They repel each other weakly and
or a two-dimensional hexagonal lattice. At Abrikosov’s time of work in 1957, flux
quantization and Cooper pairs, which are central to the preceding arguments, were
not known. The coherence length &, in the G-L theory is defined as the minimum
distance below which the G-L wavefunction W’ cannot change appreciably. This &
is interpreted here as the Cooper pair size. The distinction between type I and type
IT as represented by Equation (8.1) is equivalent to different signs of the interface
energy between normal and super parts. Based on such nonmicroscopic physical
ideas, Abrikosov predicted the now-famous Abrikosov structure.

8.3 Optical Phonons

A compound crystal has two or more atoms in a unit cell; hence it has optical modes
of lattice vibration. We discuss this topic in the present section.

Consider a rock salt, (NaCl) crystal whose lattice structure is shown in Fig. 8.6.
In the (111) directions, planes containing Na ions and planes containing Cl ions
alternate with a separation equal to +/3/2 times the lattice constant. Thus we may
imagine a density wave proceeding in this direction. This condition is similar to
what we saw earlier in Section 2.2 for the lattice-vibrational modes in a crystal. We
assume that each plane interact with its nearest neighbor planes, and that the force
constants C are the same between any pairs of nearest neighbor planes. We may use
a one-dimensional representation as shown in Fig. 8.7. The displacements of atoms
with mass M, are denoted by u_1, us, us11, - - -, and those of atoms with mass M,
by vs_1, Vg, Us11, - - -. From the figure, we obtain

Fig. 8.6 In rock salt, Na*
and C1~ occupy the simple
cubic lattice sites alternately
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Fig. 8.7 A diatomic one-dimensional lattice with masses M;, M, bound by force constant C

d%u, d*v
Ml —dt2s = C(vs + V51 — Zus), Mz_dt; = C(us+1 +u; — 2vs). (83)

We look for a solution in the form of a traveling wave with amplitudes (u, v):
u; =uexpi(skKa — wt), vy =vexpi(sKa — wt), (8.4)
where a is the lattice constant. Introducing (8.4) into (8.3), we obtain

— w’Mju = Cv[l +exp(—iKa)] —2Cu,

5 (8.5)
— w"Mv = Cu[l + exp(+iKa)] — 2Cv.

Assuming that («, v) are not identically zero, we obtain the secular equation:

2C — M 0? —C[l +exp(—iKa)l| _ .6)
—C[1 +exp(+iKa)] 2C — Mrw? - ‘
Or
M Mro* —2C(M; + M>y)w? +2C*(1 — cosKa) =0, (8.7)

which can be solved exactly. The dependence of w on K is shown in Fig. 8.9 for
M, > M,. Let us consider two limiting cases: K = 0 and K = Kpx = 7/a. For
small K, we have cos K, ~ 1 — K2a? /2, and the two roots from Equation (8.7) are
(Problem 8.3.1)

2C(M, + M. M\ M»a®?
w = (M + M) (. _MiMa” o) (optical branch)  (8.8)
MM, 8(M + M,)?
c .
= |—Ka (acoustic branch). (8.9)
2(M + M>)

Near K = 7 /a, the roots are (Problem 8.3.2)

1/2
o) = |:_i| + Cl(l — K)?%, (optical branch) (8.10)
M, a

2c7'? b3
wy = [ﬁ] + Cr(— — K)?, (acoustic branch) (8.11)
1 a
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where C| and C, are constants. These limiting cases are indicated in Fig. 8.8. Note:
the dispersion relation is linear only for the low-K limit of the acoustic mode. Oth-
erwise the dispersion relations have constants plus quadratic terms.

For areal 3D crystal there are transverse and longitudinal wave modes. The parti-
cle displacements in the transverse acoustic (TA) and optical (TO) modes are shown
in Fig. 8.9. The w-k or dispersion relations can be probed by neutron-scattering ex-
periments, [8] whose results are in good agreement with those of the simple theory
discussed here.

Problem 8.3.1. Verify Equation (8.9).

Problem 8.3.2. Verify Equation (8.11). Find (C, C») explicitly.

[2C (/M + 1/M2)]l/2 Optical phonon branch
|
{ (20/M,)""
|
My > M, ! 1/2
| (2C/M,)
|
|
|
Acoustical :

phonon branch I
|
|
i K

0 T/a

Fig. 8.8 Optical and acoustic branches of the dispersion relation. The limiting frequencies at K =
0and K = 7 /a are shown

Fig. 8.9 Transverse Optical (TO) and Transverse Acoustic (TA) waves in a linear diatomic lattice;
A =4da
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8.4 Discussion

Compound (Type II) superconductors show all of the major superconducting prop-
erties found in elemental (Type I) superconductors. The superconducting state is
characterized by the presence of a supercondensate, and the superconducting tran-
sition is a B-E condensation of pairons. We may assume the same generalized BCS
Hamiltonian and derive all properties based on this Hamiltonian. From its lattice
structure, a compound conductor provides a medium in which optical phonons as
well as acoustic phonons are created and annihilated. It is most likely to have two or
more sheets of the Fermi surface; one of the sheets is “electron”-like (of a negative
curvature) and the other “hole”-like. If other conditions are right, a superconden-
sate may be formed from “electrons” and “holes” on the different Fermi-surface
sheets mediated by optical phonons. Pair-creation and pair-annihilation of & pairons
can be done only by an optical phonon having a momentum (magnitude) greater
than A times the minimum k-distance between “electron” and “hole” Fermi-surface
sheets. Then, acoustic phonons of small k-vectors will not do the intermediary. (See
Section 12.3 where a 2D analogue is discussed and demonstrated). Attraction by
exchange of optical phonons having a quadratic energy-momentum relation [see
Equations (8.9) and (8.11)] is short-ranged just as the internucleon attraction by the
exchange of a massive w-meson is short-ranged as shown by Yukawa [9]. Hence
the pairon size should be on the order of the lattice constant (2A) or greater. In fact,
compound superconductors have correlation lengths of the order S0A, much shorter
than the penetration depths ~500A. They are therefore type II superconductors.
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Chapter 9
Supercurrents and Flux Quantization

The moving supercondensate, which is made up of + pairons all condensed at a
finite momentum p, generates a supercurrent. Flux quantization is the first quantiza-
tion effect manifested on a macroscopic scale. The phase of a macro-wavefunction
depends on the pairon circulation and the magnetic field, leading to London’s
equation. The penetration depth A based on the pairon flow model is given by
x = (c/e)(p /4nk0no|vf) + v;l)|)1/ 2. The quasi-wavefunction W, (r) representing
the super current can be expressed in terms of the pairon density operator n as
W, (r) = (rinfo),

9.1 Ring Supercurrent

The most striking superconducting phenomenon is a never-decaying ring supercur-
rent [1]. Why is the supercurrent not hindered by impurities which must exist in any
superconductor? We discuss this basic question and flux quantization in this section.
Let us take a ring-shaped superconductor at 0 K. The ground state for a pairon (or
any quantum particle) in the absence of electromagnetic fields can be represented
by a real wavefunction ¥((r) having no nodes and vanishing at the ring boundary:

nearly constant inside the body

Yolr) = { 0 at the boundary. ©-D

Such a wavefunction corresponds to the zero-momentum state, and can generate
no current. The CM of the pairons move as bosons. The pairons neither overlap in
space nor interact strongly with each other. At 0 K a collection of free pairons there-
fore occupies the same zero-momentum state . The many-pairon ground-state
wavefunction W(r), which is proportional to ¥(r), represents the supercondensate.
The supercondensate is composed of equal numbers of & pairons with the total
number being

No = haopN(0). 9.2)

S. Fujita et al., Quantum Theory of Conducting Matter, 113
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We now consider current-carrying single-particle and many-particle states. There
are many nonzero momentum states whose energies are very close to the ground-
state energy 0. These states can be represented by the wavefunctions {1,,} having a
finite number of nodes, n, along the ring. The state v, is represented by

Yn(r) = uexp(ignx/h), (9.3)
gn=27hn/L,  n==£1,£2,... (9.4)

where x is the coordinate along the ring circumference of length L; the factor u is
real and nearly constant inside, but it vanishes at the boundary. When a macroscopic
ring is considered, the wavefunction v, represents a state having linear momentum
g, along the ring. For small n, the value of g, = 2An/L is very small, since L is a
macroscopic length. The assocated energy eigenvalue is also very small.

Suppose the system of free pairons of both charge types occupies the same state
¥,. The many-pairon system-state W, so specified can carry a macroscopic cur-
rent along the ring. In fact a pairon has charge & 2¢ depending on charge type.
There are equal numbers of & pairons, and their speeds c; = v;j) /2 are different.
Hence, the total electric current density j, calculated by the rule: (charge) x (number
density) x (velocity) is

. n 1
Jj= (—26)?0(01 —0) = Eeno(vg) - v}l)), 9.5)

does not vanish. A schematic drawing of a supercurrent in 2D is shown in Fig. 9.1
(a). For comparisn the normal current due to a random electron motion is shown in
Fig. 9.1 (b). Notice the great difference between the two.

BCS in their classic paper [2] assumed that there are “electrons” and ‘“holes”
in a model superconductor, but they also assumed a spherical Fermi surface. Then,
“electrons” and “holes” have the same effective mass (magnitude) m* and the same
Fermi velocity vg) = v}l) = (2er/m*). Then the supercurrent vanishes according
to Equation (9.5). Thus, a finite supercurrent cannot be treated based on the original
BCS Hamiltonian.

The supercurrent arises from a many-boson state of motion. The many-particle
state is not destroyed by impurities, phonons, etc. This is somewhat similar to the
situation in which a flowing river (large object) cannot be stopped by a small stick
(small object). In more rigorous terms, the change in the many-pairon-state can

(a) (b)

Fig. 9.1 (a) Supercurrent; (b) normal current
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occur only if a transition involving a great number of pairons occurs from one
system-state to another. The supercurrent is very similar to a laser. This analogy
will be further expounded later in Section 11.1, where we discuss Josephson effects.
Earlier we saw that because of charge and momentum conservation, the phonon
exchange simultaneously pair-creates £ pairons of the same momentum q from
the physical vacuum. This means that the condensation of pairons can occur at any
momentum state {1, }. In the absence of electromagnetic fields, the zero-momentum
state having the minimum energy is the equilibrium state. In the presence of a mag-
netic field, the minimum-energy state is not the zero-momentum state, but it can be
a finite momentum state, see below.

The supercurrent, generated by a neutral supercondensate in motion, is very sta-
ble against an applied voltage since no Lorentz electric force can act on it.

Let us now consider the effect of a magnetic field. In flux quantization exper-
iments [3, 4] a minute flux is trapped in the ring, and this is maintained by the
ring supercurrent (see Fig. 1.5). According to Onsager’s hypothesis [5] the flux
generated by a circulating electron carrying charge —e is quantized in units of
@, = h/e = 2w h/e. Experiments in superconductors [3,4], (data are summarized
in Fig. 1.6) show that the trapped flux ® is quantized as

h
D=nd), (1=0.1...) Do=Ppirn=—=-.  (9.6)
e

h
2e

From this Onsager concluded [6, 7] that the particle circulating on the ring has
a charge (magnitude) 2e, in accord with the BCS picture of the supercondensate
composed of pairons of charge (magnitude) 2e. Flux quantization experiments were
reported in 1961 by two teams, Deaver-Fairbank and Doll-Nébauer [3, 4]. Their
experiments are regarded as the most important confirmation of the BCS theory.
They also show Onsager’s great intuition about flux quantization.

The integers n appearing in Equations (9.4) and (9.6) are the same, which can be
seen by applying the Bohr—Sommerfeld quantization rule:

fﬁpdx =27h(n + y) 9.7)

to the circulating pairons. (Problem 9.1.1) The phase (number) y is zero for the
present ring (periodic) boundary condition. A further discussion of flux quantization
is given in Section 9.3. The supercurrent is generated by =+ pairons condensed at a
single momentum ¢, and moving with different speeds ¢; = ;f) /2. This picture
explains why the supercurrent is unstable against a magnetic field B. Because of the
Lorentz-magnetic force:

+ 2ec; x B=+ev x B, (9.8)

the magnetic field tends to separate £ pairons from each other. From this we see
that the (thermodynamic) critical field B, should be higher for low-vy materials
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than for high-vy materials, in agreement with experimental evidence. For example
high-T7, superconductors have high B, reflecting the fact that they have low pairon
speeds (¢; = vf!) /2 ~ 10° ms~"). Since the supercurrent itself induces a mag-
netic field, there is a limit on the magnitude of the supercurrent, called a critical
current.

Problem 9.1.1. Apply Equation (9.7) to the ring supercurrent and show that y =
0. Note: The phase y does not depend on the quantum number 7, suggesting a
general applicability to the Bohr—Sommerfeld quantization rule with a high quantum
number.

9.2 Phase of the Quasi-Wavefunction

The supercurrent at a small section along the ring is represented by
W,(x) = Aexp(ipx/h), 9.9)

where A is a constant amplitude. We put g, = p; the pairon momentum is denoted
by the more conventional symbol p. The quasi-wavefunction ¥, in Equation (9.9)
represents a system-state of pairons all condensed at p and the wavefunction v
in Equation (9.3) the single-pairon state. ¥, and v, are the same function except
for the normalization constant (A). In this chapter we are mainly interested in the
supercondensate quasi-wavefunction. We simply call W the wavefunction hereafter
(omitting quasi). In a SQUID shown in Fig. 1.8 two supercurrents macroscopi-
cally separated (~ 1 mm) can interfere just as two laser beams coming from the
same source. In wave optics two waves are said to be coherent if they can inter-
fere. Using this terminology, two supercurrents are coherent within the coherence
range of 1 mm. The coherence of the wave traveling through a region means that if
we know the phase and amplitude at any space-time point, we can calculate the
same at any other point from a knowledge of the k-vector (k) and angular fre-
quency (w). In the present section we discuss the phase of a general wavefunction
and obtain an expression for the phase difference at two space-time points in the
superconductor.
First consider a monochromatic plane wave running in the x-direction

W = A f2C/A—t/T) — p i (px—ED/h (9.10)

where the conventional notations: 2w /A = k, 2n/T = w, p = hk, E = hw are
used. We now take two points (ry, t;, Iz, ). The phase difference (§¢);, between
them,

(AP) 12 = k(x1 — x2) — w(t; — 1), (9.11)
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depends on the time difference #; — 7, only. In the steady-state condition, w(#; — 1)
is a constant, which will be omitted hereafter. The positional phase difference is

(AP)r,r, = ¢(r1) — (rp) = k(x; — x2). 9.12)

The phase-diffrence §¢ for a plane wave proceeding in a k direction is given by

(Ad)er, = / k- dr, ©.13)

where the integration is along a directed straight line path from r; to r;. When
the plane wave extends over the whole space, the line integral frz—m k - dr,
along any curved path joining the points (ry, r2), see Fig. 9.2, has the same value
(Problem 9.2.1):

(Ap)r, r, E/ k~dr=/ K- dr. (9.14)

The line integral now depends on the end points only, and it will be denoted by
writing out the limits explicitly as indicated in the last member of Equation (9.14).
The same property can equivalently be expressed by (Problem 9.2.2)

?gk-drzO, (9.15)
C

where the integration is carried out along any closed directed path C.

We consider a ring supercurrent as shown in Fig. 9.3 (a). For a small section, the
enlarged section containing point A, see (b), the supercurrent can be represented by
a plane wave having the momentum p = %K. The phase difference (A¢)y, r,, where
(ry, rp) are any two points in the section, can be represented by Equation (9.14). If
we choose a closed path ABA, the line integral vanishes:

(Ap)apc = % k-dr=0. (9.16)

ABC

i

Fig. 9.2 Directed paths from
r,tor r2
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WL

— k

Enlarged

(b)

Fig. 9.3 (a) A ring supercurrent; (b) an enlarged section

Let us now calculate the line integral along the ring circumference ARA indicated
by the dotted line in (a). Note: The vector k changes its direction along the ring; for
each small section, we may use Equation (9.14). Summing over all sections, we
obtain

(Ap)ara =7§ k-dr=kL, 9.17)

ARA

where L is the ring length. Thus the line integral along the closed path ARA does not
vanish. In fact if we choose a closed path C that circles the cavity counterclockwise
N; times and clockwise N, times, the integral along the closed path is

(Ad)c = f K-dr = (N, — N2)kL. (9.18)
C

Cases ABA [ARA], represented by Equation (9.16) [(9.17)] can be obtained from
this general formula by setting Ny = N, = 0 (N; = 1, N, = 0). Since the
momentum p = &k is quantized such that p, = 2nh/L, Equation (9.18) can be
re-expressed as

(Ad)c = yg k- dr = 27(N, — No)n. (9.19)
C

Problem 9.2.1. (a) Calculate the line integral in Equation (9.14) by assuming a
straight path from r; to ry, and verify the equivalence of Equations (9.14) and (9.15).
(b) Assume that the path is composed of two straight paths. Verify the equivalence.
(c) Treat a general curved path.

Problem 9.2.2. (a) Assume Equation (9.14) and verify Equation (9.15). (b) Prove
the inverse: assume Equation (9.15) and verify Equation (9.14).
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9.3 London’s Equation: Penetration Depth

In 1935 the brothers F. and H. London published a classic paper [8,9] on the elec-
trodynamics of a superconductor. By using London’s equation (9.30) together with
Maxwell’s equation (9.37), they demonstrated that an applied magnetic field B does
not drop to zero abruptly inside the superconductor but penetrates to a certain depth.
In this section we derive London’s equation and its generalization. We also discuss
flux quantization once more.

In Hamiltonian mechanics the effect of electromagnetic fields (E, B) is included
by replacing the Hamiltonian without the fields, H (r, p), with

H' = H(r,p—qA)+q®, (q = charge) (9.20)

where (A, ¢) are the vector and scalar potentials generating the electromagnetic
fields:

IA
B=VxA E=-Vj- 9.21)

and then use Hamilton’s equations of motion. In quantum mechanics we may use
the same Hamiltonian H’ (the prime dropped hereafter) as a linear operator and
generate Schrodinger’s equation of motion. Detailed calculations show (Problem
9.3.1) that the phase difference (A¢)y, r,.p changes in the presence of the magnetic
field such that

ry

r X
p-dar+ 2 / A-dr= Ap)m + Ap)P . (9.22)

A hl.

(A¢)l‘| ,l‘z,B

We call the first term on the rhs the phase difference due to the particle motion
and the second term, the phase difference due to the magnetic field. [The motion of
charged particles generates an electric current, so (Ag)\"%") may also be referred
to as the phase difference due to the current.]

We now make a historical digression. Following London—-London [8, 9], let us
assume that the supercurrent is generated by hypothetical superelectrons. A super-
electron has mass m and charge —e. Its momentum p is related to its velocity v

by
v=7p/m. (9.23)
The supercurrent density jy is then

Js = —enyv. (9.24)
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Using the last two equations we calculate the motional phase difference:

. 1 " m .
(Ap)riom = f_:L/ p-dr = —f [ i|.]s -dr. (9.25)
ry )

ehng

Let us consider an infinite homogeneous medium, for which the line-integral of
the phase along any closed path vanishes [see Equation (9.15)]

2
f [J L& A] Ldr = 0. (9.26)
m

Employing Stoke’s theorem (Problem 9.3.2)

%dr-C://dS-VxC, (9.27)

where the rhs is a surface integral with differential element dS pointing in a direction
according to the right-hand screw rule, we obtain from Equation (9.26)

js +em 'n A+ Vy =0, (9.28)
where x(r) is an arbitrary scalar field. Now, the connection between the magnetic
field B and the vector potential A, as represented by B = V x A, has a certain

arbitrariness; we may add the gradient of the scalar field x to the original vector
field A since

Vx((A+Vyx)=V xA. (9.29)
Using this gauge-choice property we may rewrite Equation (9.28) as
P _ 2, 1
js=—em nA=—-A A, Ao =e"m™ 'ny. (9.30)
This is known as London’s equation. The negative sign indicates that the super-
current is diamagnetic. The physical significance of Equation (9.30) will be dis-
cussed later.
Let us go back to the condensed pairon picture of the supercurrent. First, consider

a +pairon having charge +2e. Since the pairon has the linear energy-momentum
relation.

€2 = wo + (1/2v%p = wy + c2p, (9.31)
the velocity v, has magnitude ¢, = vg) /2 and direction p along the momentum p:

Vy = sz). (932)
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Thus if p # 0, there is a supercurrent density equal to
i = Qe)no/2)erp = engv. 9.33)

Similarly, —pairons contribute

() _

Js —engvi Vi = cp. (9.34)

Using the last three relations we repeat the calculations and obtain
j.Y = _ApaironA» Apairon = 262”0(62 + Cl)lfl = A’ (935)

which we call a generalized London’s equation or simply London’s equation. This
differs from the original London equation (9.30) merely by a constant factor.

Let us now discuss a few physical consequences derivable from generalized Lon-
don’s equation (9.35). Taking the curl of this equation we obtain

V xj; = —AV x A = —AB. (9.36)

Using this and one of Maxwell’s equations

oD
V x H =j, [5 =0, j,= 0] (9.37)

(where we neglected the time-derivative of the dielectric displacement D and the
normal current j, ), we obtain (Problem 9.3.3)

V2B =B, r=(c/e)lp/[8mkono(lca+ciD}'*. (copo=c7? (9.38)

Here X is called a generalized London penetration depth.

We consider the boundary of a semi-infinite slab (superconductor). When an ex-
ternal magnetic field B is applied parallel to the boundary, the B-field computed
from Equation (9.38) can be shown to fall off exponentially (Problem 9.3.4):

B(x) = B(0)exp(—x/A). (9.39)

(This solution is shown in Fig. 1.4.) Thus the interior of the superconductor, far from
the surface, will show the Meissner state: B = 0. Experimentally, the penetration
depth at lowest temperatures is on the order of 500 A.

We emphasize that London’s equation (9.35) holds for the supercurrent j; only.
Since this is a strange equation, we shall rederive it by a standard calculation. The
effective Hamiltonian H for a +pairon moving with speed c; = vf) /2 1s

H=clpl. (9.40)
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In the presence of a magnetic field B = V x A, this Hamiltonian is modified to
H =c|p—qAl. (9.41)
Assume now that the momentum B points in the x-direction. The velocity v, is
ve =0H'/dp; = c2p” (px — g AD). (9.42)

We calculate the quantum mechanical average of v,, multiply the result by the
charge 2¢ and the +pairon density, ny/2, and obtain

(2e)(n0/2) (vy) = enoca (p«/ Ipl) — 2e*nocap ™' A, (9.43)

Adding the contribution of —pairons, we obtain the total current density ji:
Js = eno(ca — ¢1) (pe/ Ipl) — 2€°no(c2 + c1)p~' Ay, . (9.44)

Comparing this with London’s equation (9.35) we see that the supercurrent arises
from the magnetic field term for the pairon velocity v.

As another important application of Equation (9.22) let us consider a supercur-
rent ring. By choosing a closed path around the central line of the ring and integrat-
ing (A¢g)p along the path ARA, we obtain from Equations (9.18) and (9.22)

(A¢ ’XORIXM + 28h71 f A-dr=kL =2mn. (9.45)
ARA

The closed path integral can be evaluated by using Stoke’s theorem as

?ﬁ A~dr=/de-VxA://dSB:BSE(I), (9.46)
ARA

where S is the area enclosed by the path ARA, and ® = BS the magnetic flux
enclosed. The phase difference due to the pairon motion (A);%,”" is zero since there
is no supercurrent along the central part of the ring. We obtain from Equations (9.45)

and (9.46)
& =nomhe = ndy, (9.47)

reconfirming the flux quantization, see Equation (9.6).

Let us now choose a second closed path around the ring cavity but the one where
the supercurrent does not vanish. For example choose a path within a penetration
depth around the inner side of the ring. For a small section where the current runs
in the x-direction, the current due to a +pairon is

(2e)ca (px/p) — 4ecrp ' Ay, (9.48)
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where p./p is the component of the unit vector p pointing along the momentum p.
If we sum p over the entire circular path, the net result is Equation (9.19)

75 p-dr = 27HiL. (9.49)
ARA

This example shows that the motional contribution to the supercurrent, part of
Equation (9.43): engcy (px/ p), does not vanish. Thus in this case the magnetic flux
by itself is not quantized, but the lhs of Equation (9.45), called the fluxoid, is quan-
tized.

Problem 9.3.1. Derive Equation (9.22).

Problem 9.3.2. Prove Stoke’s theorem Equation (9.27) for a small rectangle and
then for a general case.

Problem 9.3.3. Derive Equation (9.38).
Problem 9.3.4. Solve Equation (9.38) and obtain Equation (9.39).

9.4 Quasi-Wavefunction and Its Evolution
The quasi-wavefunction @, (r) for a quasiparticle in the state v is defined by
®,(r) = TR {y[p(r)p} . 9.50)
or
W, (r) = (r|n|v). (9.51)

Here n is the pairon density operator; the corresponding density matrix elements
are represented by

(ulnlv) = TR {¢{v,p} . 9.52)

The density operator n, like the system-density operator p, can be expanded in
the form:

n=>Y " lu)Puul.  Pu=0, (9.53)
n

where {PM} denote the relative probabilities that particle-states {u} are occupied.
It is customary in quantum many-body theory to adopt the following normalization
condition:

> P=(N), (9.54)
n
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where N is the total number operator. Using this, we obtain
tr{n} = (vln|v) = Z/d% (wir) (elnjv) = (N), (9.55)

where

Yy () = (v[r), [¥(r) = (r|v)] (9.56)

is the wavefunction for a single pairon. If an observable X for the system is the sum
of single-particle observables &:

X=>) & 9.57)
J

then the grand-ensemble average (X) can be calculated from
(X) =TR{Xp} =tr{én}, (9.58)

where the lhs means the many-particle average and the rhs the single-particle aver-
age. Using Equation (9.51) we can re-express tr {&n} as:

tr{gn) = fd3rZ(v|r) (rlgn|v) = Zfd% YrOEr, —ihV)V(r), (9.59)

where we assumed that & is a function of position r and momentum p: § = &(r, p).
Thus the average (X) for the many-particle system can be calculated in terms of the
quasi-wavefunction.

The system-density operator p(¢) changes, following the quantum Liouville
equation:

a
i = [H, p. (9.60)
ot
Using this, we study the time evolution of the quasi-wavefunction W, (r, t).
First we consider the supercondensate at 0 K. The supercondensate at rest can be
constructed using the reduced Hamiltonian Hy:

/ + /
Hy = 326050 + 322522
k

k
/ /
=Y [onb b+ vk BT+ v b + v Zb ] 0.61)
k K

Note: the electron kinetic energies are expressed in terms of the ground pairon
operators b's. Let us recall that the supercondensate is generated from the physical
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vacuum by a succession of pair-creation, pair-annihilation and pair-transition via
phonon exchanges. In this condition, “electrons” (and “holes” ) involved are con-
fined to a shell of energy-width fwp about the Fermi surface, and up- and down-spin
electrons are always paired (k 1, —k |) to form ground pairons. This stationary
supercondensate cannot generate a supercurrent.

The moving supercondensate can be generated from the physical vacuum via
phonon exchanges. The relevant reduced Hamiltonian Hy is

/ . . P .
Hy=) " ) [eV0k+a/2D) + € — k+a/2)] B By

k
Al 1 1 1 2 2) p(l 2) p(2)t
—Z Z |:UHBI((q)Jr Bl((’()l + UlzBl((q)TBl({/;T + v21Bl((q)Bl((’()1 + UZZBI((q)Bl((/()lT]’(9'62)
k K

which reduces to Equation (9.61) when q = 0. Supercondensation can occur at any
momentum q. The quasi-wavefunction W, representing the moving superconden-
sate is

Wy = Aexpli(q-r—w;t)], (9.63)
where the angular frequency w; is given by
w; =qv’)2, (9.64)
a relation arising from the fact that pairons have energies
€D = wg + qvi!’)2. (9.65)

The Hamiltonian H, in Equation (9.62) is a sum of single-pairon energies. Hence
we can describe the system in terms of one-pairon density operator n. This operator
n(t) changes in time, following the one-body quantum Liouville equation:

on
jh— = [h, n]. 9.66
th— [h, n] (9.66)

Let us now take a mixed representation of this equation. Introducing the quasi-
wavefunction for the moving supercondensate,

(rlnlo) = ¥y (r), (9.67)

we obtain

d
ihg\lfg(r, t) = h(r, —ihV, 1)¥,(r, 1), (9.68)
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which is formally identical with the Schrodinger equation of motion for a quantum
particle.

Since London’s macrowavefunction were introduced by the intuition of the
great men for a stationary state problem, it is not immediately clear how to de-
scribe its time-evolution. Our quantum statistical calculations show that the quasi-
wavefunction satisfies the familiar Schrodinger equation of motion. This is a signif-
icant result. Important applications of Equation (9.68) will be discussed in Chapter
11.

9.5 Discussion

Supercurrents exhibit many unusual behaviors. We enumerate their important fea-
tures in the following subsections.

9.5.1 Supercurrents

The supercurrent is generated by a moving supercondensate composed of equal
numbers of 4 pairons condensed at a finite momentum p. Since + pairons, having
charges +2¢ and momentum p, move with different speeds ¢; = v(F’) /2, the net
electric current density:

j=enoy —vi)/2

does not vanish. Supercurrents totally dominate normal currents. Condensed pairons
have lower energies by at least the gap €, than noncondensed pairons, and hence,
they are more numerous.

9.5.2 Supercurrent is Not Hindered by Impurities

The macroscopic Supercurrent generated by a moving supercondensate is not hin-
dered by impurities that are microscopic by comparison. The fact that no micro-
scopic perturbation causes a resistance (energy loss) is due to the quantum statistical
nature of the supercondensate; the change in the many-pairon-state can occur only
if a transition from one (supercondensate) state to another is induced. Large lattice
imperfections and constrictions can, however, affect the supercurrent significantly.

9.5.3 The Supercurrent Cannot Gain Energy from a DC Voltage

The supercondensate is electrically neutral, and hence, it is stable against the exter-
nal electric force. The supercurrent cannot gain energy from the applied voltage.
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9.5.4 Critical Fields and Critical Currents

In the superconducting state, £ pairons move in the same direction (because they
have the same momentum) with different speeds. If a magnetic field B is applied, the
Lorentz-magnetic force tends to separate & pairons. Hence there must be a critical
(magnetic) field B,.. The magnetic force is proportional to pairon speeds vg) /2. Thus
the superconductors having lower Fermi-velocities, like high-7, cuprates, are much
more stable than elemental superconductors, and they have higher critical fields.
Since the supercurrents themselves generate magnetic fields, there are critical cur-
rents J..

9.5.5 Supercurrent Ring and Flux Quantization

A persistent Supercurrent ring exhibits striking superconducting properties: resis-
tanceless surface supercurrent, Meissner state, and flux quantization.

The superconducting state W, is represented by a momentum-state wavefunc-
tion: ¥,(x) = Aexp(—ih‘1 PnX), pn = 2mhn/L. Since the ring circumference
L is macroscopic, the quantized momentum p,, is vanishingly small under normal
experimental conditions (n ~ 1 — 100). The actual value of n in the flux quanti-
zation experiments is determined by Onsager’s rule: ¥ = nW, = nxh/e. Each
condensed pairon has an extremely small momentum p,, and therefore an extremely
small energy € = U(F’) DPn/2.

9.5.6 Meissner Effect and Surface Supercurrent

A macroscopic superconductor expels an applied magnetic field B from its interior;
this is the Meissner effect. Closer examination reveals that the B-field within the
superconductor vanishes excluding the surface layer. In fact a finite magnetic field
penetrates the body within a thin layer of the order of 500 A, and in this layer dia-
magnetic surface supercurrents flow such that the B-field in the main body vanishes.
Why does such a condition exist? The stored magnetic field energy for the system in
the Meissner state is equal to V B?/21¢. This may be pictured as magnetic pressure
acting near the surface and pointing inward. This is balanced by a Meissner pres-
sure pointing outwards that tries to keep the state superconductive. This pressure
is caused by the Gibbs free energy difference between super and normal states,
Gy — Gg. Thus if

Gy —Gs > VB2, (9.69)

the Meissner state is maintained in the interior with a steep but continuously chang-
ing B-field near the surface. If the B-field is raised beyond the critical field B,,
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the inequality (9.69) no longer holds, and the normal state will return. The kinetic
energy of the surface supercurrent is neglected here.

9.5.7 London’s Equation

The steady-state supercurrent in a small section can be represented by a plane wave-
function: Wy (r) = Aexp(—ih~'p - r) = Aexp(ifi”! px). The momentum p appears
in the phase. The Londons assumed, based on the Hamiltonian mechanical consid-
eration of a system of superelectrons, that the phase difference at two points (r;, r)
in the presence of a magnetic field B has a field component, and obtained London’s
equation: j; = —eZm~n,A.

We assumed that the supercurrent is generated by the + pairons condensed at a
momentum p, and used the standard Hamiltonian mechanics to obtain

js = —2e*no(ca + c1)p'A. (9.70)

The revised London equation has a proportionality factor different from that of
the original London equation.

9.5.8 Penetration Depth

The existence of a penetration depth A was predicted by the London brothers [8, 9],
and it was later confirmed by experiments. This is regarded as an important historical
step in superconductivity theory. The qualitative agreement between theory and ex-
periment established a tradition that electromagnetism as represented by Maxwell’s
equations can, and must, be applied to describe the superconducting state.

The Londons used their equation and Maxwell’s equations to obtain an expres-
sion for the penetration depth:

A _ef_m 7" 9.71)
London — e 47Tk01’ls . .

If we adopt the pairon flow model, we obtain instead

¢ » 1/2
A= [—} . 9.72)

e 87Tk0|C2+C]|I’l0

Note: there is no mass in this expression, since pairons move as massless par-
ticles. The n, Y 2-dependence is noteworthy. The supercondensate density ng ap-
proaches zero as temperature is raised to 7,. The penetration depth A therefore
increases indefinitely as 7' — 7.
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Chapter 10
Ginzburg-Landau Theory

The pairon field operator ¥f(r, ) evolves, following Heisenberg’s equation of
motion. If the Hamiltonian H contains a pairon kinetic energy A, a condensation
energy a(< 0) and a repulsive point-like interpairon interaction 85(r; —r3), B(> 0),
the evolution equation for ¥ is non-linear, from which we derive the Ginzburg-
Landau (GL) equation:

ho(r, =i AV)W (r) + oW, (r) + BV, (r)*V, (r) = 0

for the GL wavefunction W/ (r) = (r[n'/?|o), where o denotes the state of the
condensed pairons, and n the pairon density operator. The GL equation with ¢ =
—€,(T) holds for all temperatures (7') below the critical temperature 7., where
€,(T) is the T-dependent pairon energy gap. Its equilibrium solution yields that
the condensed pairon density no(T) = |W,(r)|> is proportional to €,(T). The
T-dependence of the expansion parameters near 7, conjectured by GL: o =
—b(T, — T), p = constant are confirmed. A new formula for the penetration depth:
A= (c/e)[peo/no(vg)) + vf)] is obtained, where c is the light speed, p the con-
densed pairon momentum, and v\’ = (2¢z/m;)"/? are the Fermi velocities for
“electrons” (j = 1) and “holes” (j = 2).

10.1 Introduction

In 1950 Ginzburg and Landau (GL) [1] proposed a revolutionary idea that below
the critical temperature 7T, a superconductor has a complex order parameter (also
called a GL wavefunction) W' just as a ferromagnet possesses a real order parameter
(spontaneous magnetization). Based on Landau’s theory of second-order phase tran-
sition [2], GL expanded the free energy density f(r) of a superconductor in powers
of small [W(r)| and |VW(r)|:

1 h?
f@) = fo+alVP+ EﬂI‘I”(r)I“ + 2—|V\If’<r>|% (10.1)
M
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where fjy, @ and § are constants, and my is the superelectron mass. To include the
effect of a magnetic field B, they used a quantum replacement:

V — V —(iq/h)A, q = charge, (10.2)

where A is a vector potential generating B = V x A, and added a magnetic energy
term B?/2u. The integral of the so-modified free energy density f(r) over the
sample volume V gives the Helmholtz free energy F. After minimizing F with
variations in V* and A j» GL obtained two equations:

1
2—| —ihV — gAP¥'(r) + aW'(r) + BV (r)*V/(r) = 0, (10.3)
m
j= gy — vy - LA, (10.4)
2m 2m
With the density condition:

P™*W¥'(r) = n,(r) = superelectron density, (10.5)

Equation (10.4) for the current density j in the homogeneous limit (VW' = 0)
reproduces London’s equation [3,4]:

. _ 2 1
j=—A4A, Ay =e"m™ ny.

Equation (10.3) is the celebrated Ginzburg—Landau equation, which is quantum
mechanical and nonlinear. Since the smallness of |¥’|? is assumed, the GL equation
was thought to hold only near 7., T, — T < T,. Below T, there is a supercondensate
whose motion generates a supercurrent and whose presence generates gaps in the
elementary excitation energy spectra. The GL wavefunction W’ represents the quan-
tum state of this supercondensate. The usefulness of the GL theory has been well
recognized [5]. The most remarkable results are GL’s introduction of the concept of
a coherence length [1] and Abrikosov’s prediction of a vortex structure in a type II
superconductor [6], which was later confirmed by experiments [7]. In their original
work GL adopted a superelectron model. The quantum flux experiments [8—11],
however, show that the charge carriers in the supercurrent are pairons [12] hav-
ing charge magnitude 2e, which confirms the basic physical picture of the BCS
theory [13].

In our text we take the view that W’ represents the state of the condensed pairons
(rather than the superelectrons). In this chapter we microscopically derive the GL
equation (10.3) with a revised density condition [14, 15]:

|\If’(r)|2 = condensed pairon density = ng(r). (10.6)

We obtain physical interpretation of the expansion parameters (¢, ), and discuss
their temperature dependence. We further show that the revised GL equations are



10.2 Derivation of the GL Equation 133
valid for all temperatures below 7.. The equilibrium solution of this equation
with no fields yields a remarkable result that the condensed pairon density no(7")
is proportional to the pairon energy gap €,(7), observed in the quantum tunnel-
ing experiments [16—18]. We propose a new expression (10.39) for the pairon ki-

netic energy. Using this, we obtain a revised expression (10.41) for the penetration
depth.

10.2 Derivation of the GL Equation

Dirac [19] and others [20, 21] showed that quantum field operators, ¥ (r, ) and
Y i(r, t) for bosons (fermions) satisfying the Bose (Fermi) commutation (anticom-
mutation) rules:

[, ), ¥, O] = v, v @, 0 F e, e, ) =% -r)

[v@, 0,y .n]_=0 (10.7)

evolve in time, following Heisenberg’s equation of motion:

—ih

aw(:, D H. ) (10.8)

d

where H represents the Hamiltonian of a system under consideration. In this section
the commutators (anticommutators) are represented by [A, B]_ ([A, B];) rather
than by [A, B] ({A, B}). If an interparticle interaction Hamiltonian

1
H =3 ZZUUri —r;))
i#]j
1 .
= / & / Pry v(lry — ey e, 00, DY, DY (e, 1)
(10.9)
is assumed, the commutator [Hj, ¥ (r, t)]_ generates (Problem 10.2.1)
—/d3r1 v(Ir — T DYy, DY (e, DY (r, 1), (10.10)

indicating that the evolution equation for the quantum field v is intrinsically nonlin-
ear in the presence of the interparticle interaction [20,21]. Two pairons, each having
like charge, repel each other. We represent this by a repulsive point-like potential

u(r) = BSO(r), B > 0. (10.11)
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‘We then obtain

[Hy, ¥ (r, D] = —Bn(r, Dy(r, 1) = =By (e, DY (r, DY (x, 1), (10.12)

which vanishes for fermions. Hereafter, we shall consider bosons only.
If we assume a kinetic energy ho(r, p) and a constant condensation energy o
(< 0), then the following equation is obtained from Equation (10.8):

oY(r, 1)
ot

d
ih = hy <r, —iha—) Y, t)+ay(r, t) 4+ Bu(r, HY(r, ). (10.13)
r
Let us consider a persistent ring supercurrent. The wavefunction at the point r
in a small section along the ring is characterized by a discrete momentum (p,, 0, 0)
with
2rch

po="7vo =0.EL£2.) (10.14)

where L is the ring circumference. We note that the absolute value |v| charac-
terizes the number of flux quanta ®y = mh/e enclosed by the ring [10, 11].
Further note that the momentum eigenstate (p,, 0, 0) = p defines the state o of the
supercondensate.

Let us define a quasiwavefunction W, (r) by

Wy (r) = TR{Y (r)p ¢!} = (rnfo) (10.15)
where ¢/ is the condensed-pairon-state (o) creation operator, p the system density

operator, and the symbol TR denotes a grand ensemble trace; the pairon density
operator n is defined through the position density matrix elements:

TR{y (X)p ¥ ()} = (rln|r), (10.16)
normalized such that

1 1
v / &r (r|n|r) = Vtr{n} = average pairon density, (10.17)

where the symbol tr means a one-body trace. The GL wavefunction W/ (r) can be
related with the pairon density operator n by

W (r) = (r|n'?|0), (n'?? =n. (10.18)
The two wavefunctions, W/ (r) and ¥, (r), have different amplitudes; |W/, @)? =

<r|n1/ 2|a) <a|n1/ 2|r> = n,(r) is the condensed pairon density while W, (r) itself is
proportional to n, ().
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We multiply Equation (10.13) by p¢] from the right and take a grand ensemble
trace. Writing the results in terms of W, (r) and using a factorization approximation,
we obtain

W, (r)
ot

ih

= ho(r, —ihV)W, (1) + a W, (r) + BV, (1) * Wy (1). (10.19)

For the steady state the time derivative vanishes, yielding
hoWo (1) + a W, (r) + B, (1) * W4 (r) = 0, (10.20)

which is precisely the GL equation, Equation (10.3).

In our derivation we assumed that pairons move as bosons, which is essential, see
the sentence following Equation (10.12). Bosonic pairons can multiply occupy the
net momentum state p while fermionic superelectrons cannot. The correct density
condition (10.6) instead of (10.5) must therefore be used.

Problem 10.2.1. Prove Equation (10.10), using Equations (10.7) and (10.9).

10.3 Discussion

We derived the GL equation from first principles. In the derivation we found that
the particles that are described by the GL wavefunction W’'(r) must be bosons. We
take the view that W/(r) represents the bosonically condensed pairons. This explains
the quantum nature of the GL wavefunction. In fact W/ (r) = (r|n1/ 2|0> is a mixed
representation of the pairon square-root density operator '/? in terms of the position
r and the momentum state o. The new density condition is given by

V¥ (r)V. (r) = ny(r) = condensed pairon density.

The nonlinearity of the GL equation arises from the point-like repulsive inter-
pairon interaction. In 1950 when Ginzburg and Landau published their work, the
Cooper pair (pairon) was not known. They simply assumed the superelectron model.

Our microscopic derivation allows us to interpret the expansion parameters (¢, 3)
appearing in the original GL theory. We shall see that « represents the pairon con-
densation energy, and f the repulsive interaction strength. The parameter g, from
its mechanical origin, is temperature-independent:

B = constant > 0, T.>T. (10.21)
BCS showed [13] that the ground state energy W for the BCS system is

W = hopN(O)wo, wo = —2hiwp{exp[2/(weN(0)] — 1}71, (10.22)
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where NV(0) is the density of states per spin at the Fermi energy and wy the pairon
ground-state energy. Hence we can choose

oa=wy <0, T =0. (10.23)

In the original work [1] GL considered a superconductor in the vicinity of the crit-
ical temperature T,, where |W/, |2 is small. Gorkov [22—24] used Green’s functions
to interrelate the GL and the BCS theory near 7,. Werthamer and Tewardt [25-28]
extended the Ginzburg-Landau—Gorkov theory to all temperatures below 7, and
arrived at more complicated equations. Here, we derived the original GL equation
by examining the superconductor at 0 K from the condensed pairons point of view.
The transport property of a superconductor below 7 is dominated by the condensed
pairons. Since there is no distribution, the qualitative property of the condensed
pairons cannot change with temperature. The pairon size (the minimum of the coher-
ence length derivable directly from the GL equation) naturally exists. There is only
one supercondensate whose behavior is similar at all temperatures below 7; only
the density of condensed pairons can change. Thus, there is a quantum nonlinear
equation (10.20) for ¥, (r) valid for all temperatures below 7.

The pairon energy spectrum below 7, has a discrete ground-state energy, which is
separated from the energy continuum of moving pairons [29]. This separation €,(7'),
called the pairon energy gap, is T -dependent. This energy gap, as in the well-known
case of the atomic energy spectra, can be detected in photo-absorption [30,31] and
quantum tunneling experiments [16—18]. Inspection of the pairon energy spectrum
with a gap suggests that

a = —€,(T) <0, T.>T. (10.24)

Solving Equation (10.20) with #yW, = 0 (no currents, no fields), we obtain
no(T) = |V, | = B~ e, (T), (10.25)

indicating that the condensate density no(T) is proportional to the pairon energy
gap €,(T).

We now consider an ellipsoidal macroscopic sample of a type I superconductor
below T, subject to a weak magnetic field H,, applied along its major axis. Because
of the Meissner effect, the magnetic fluxes are expelled from the main body, and the
magnetic energy is higher by (1/2)140 H2V in the super state than in the normal state.
If the field is sufficiently raised, the sample reverts to the normal state at a critical
field H,., which can be computed in terms of the free-energy expression (10.1) with
the magnetic field included. We obtain after using Equations (10.6) and (10.22)

H, == (noB)~"?e,(T) o< no(T), (10.26)
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indicating that the measurements of H, give the T-dependent n((7") approximately.
The field-induced transition corresponds to the evaporation of condensed pairons,
and not to their break-up into electrons. Moving pairons by construction have nega-
tive energies while quasi-electrons have positive energies. Thus, the moving pairons
are more numerous at the lowest temperatures, and they are dominant elementary
excitations. Since the contribution of the moving pairons was neglected in the above
calculation, Equation (10.24) contains approximation, see below.

We stress that the pairon energy gap ¢, is distinct from the quasi-electron energy
gap A, which is the solution of Equation (4.80):

ha)D

(10.27)

2 201/2
1=v0N(0)/ (" + A7 }
0

d tanh
Cle@rayin [ k5T

In the presence of a supercondensate the energy-momentum relation for an un-
paired (quasi) electron changes:

& = [K2/(2m) — ep| = Ep = (e* + A2 (10.28)

Since the density of condensed pairons changes with the temperature 7', the gap
A is T-dependent and is determined from Equation (10.27) (originated in the BCS
energy gap equation). Two unpaired electrons can be bound by the phonon-exchange
attraction to form a moving pairon whose energy i, is given by

1
i, = Wy + Equ <0, (10.29)

hop

1= UQN(O)/ de [|ig| + 2(* + A%/~ (10.30)
0

Note that @y is T-dependent since A is. At T., A = 0 and the lower band edge
Wy is equal to the pairon ground-state energy wy. If T < T., A > 0. We may then
write

1
Wy = wo + €,(T) + Equ’ €(T) = g — wg > 0. (10.31)

We call €,(T) the pairon energy gap. The two gaps (A, €,) have similar T'-
behavior; they are zero at 7, and they both grow monotonically as temperature is
lowered. The rhs of Equation (10.27) is a function of (7', A?); T, is a regular point
such that a small variation T = T, — T generates a small variation in A%. Hence
we obtain

AT) = a(T. — T)'?, T.-T < T., a = constant, (10.32)

showing that A falls off steeply near 7.. Using similar arguments we get from
Equations (10.30), (10.31) and (10.32)
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€(T)=b(T. - T), T. - T L T, b = constant. (10.33)

As noted earlier, moving pairons have finite (zero) energy gaps in the super (nor-
mal) state, which makes Equation (10.26) approximate. But the gaps disappear at
T., and hence the linear-in-(7, — T') behavior should hold for the critical field H.:

H.=c(T,—-T), T. - T KT, ¢ = constant, (10.34)

which is supported by experimental data. Tunneling and photo absorption data ap-
pear to support the linear law in Equation (10.33).

In the original GL theory [1], the following signs and 7'-dependence of the ex-
pansion parameters («, B) near T, were assumed and tested:

a=-b(T,—T) <0, B = constant > 0, (10.35)

all of which are re-established by our microscopic calculations.

In summary we reached a significant conclusion that the GL equation is valid
for all temperatures below 7,.. Our interpretation of (¢, 8) involves assumptions.
The usefulness of such an equation can only be judged by working out its solutions
and comparing with experiments. As noted earlier, the most important results in
the GL theory include GL’s introduction of a coherence length [1] and Abrikosov’s
prediction of a vortex structure [6], both concepts holding not only near T, but for
all temperatures below T,. Also the upper critical field H.,(T') for all temperatures
is known to be described in terms of the GL equation [5].

10.4 Penetration Depth

As an application of our theory we consider a cylindrical superconductor trapping v
flux quanta and maintaining a persistent supercurrent near its inner side, see Fig. 1.5.
The wavefunction near the inner surface may be represented by

W, (r) = constant x exp(ip-r/h), o=p=(p,,0,0), p,=27hv/L.
(10.36)

This W, clearly satisfies Equation (10.20) with the kinetic energy €o(p) and
a + BV, )7 = —€, + Bng. This is the lowest-energy state of the system with a
magnetic flux trapped at any temperature below 7.. By losing the magnetic flux
the system may go down to the true equilibrium state with no current. Since L
is a macroscopic length, p, = 2mhv/L and its associated energy €o(p) are both
very small. This example also supports our conclusion that the GL equation is valid
below T.. Since ¥, representing a stationary state is characterized by momentum
(pv,0,0) = p, the GL equation is valid independently of materials, meaning that
the law of corresponding states works well for all superconductors.



10.4 Penetration Depth 139

GL adopted the superelectron model in which the kinetic energy in the presence
of a magnetic field B is given by

ho = ﬁ[—ihv + eA(r)]%. (10.37)

We now seek an appropriate expression for hg. At 0K all pairons are zero-
momentum pairons, which do not generate a supercurrent. Cooper studied the
energy w, of a moving pairon [12], and obtained [unpublished but recorded in
Schrieffer’s book, Equation (2-15) of Reference [32]],

1
wp =wo+5vrp, g = Qep/mM', (10.38)

where wg (< 0) is the pairon ground state energy, see Equations (10.22). Note that
the energy-momentum relation is linear; the pairons move with the common speed

Vf / 2.
We now propose a new kinetic energy term:

1 1
ho = S0l = iRV + 2eAW)] + Juf| —ihV? —2eAML. (1039)
If we use this &g, and assume that the pairons are condensed at p, we obtain
. e . -
J= =50 = oI 0Pp - e +oPNp) W @PA, (1040)

where P is the unit vector pointing in the direction of p. Note that the motional com-
ponent (first term) reproduces Equation (9.5). Omitting this component, we obtain
the corrected London equation (9.35). By using Maxwell’s equations V?A = — ],
we obtain a new expression for the penetration depth:

C
A= ;{fopu/[nowg) +oP M2 (new) (10.41)

in contrast with London’s result [3], [4]:

12
a=S (60’") . (London) (10.42)

e\ ny

The n, 1/ 2-dependence in Equation (10.41) is noteworthy; the penetrations depth A
increases to oo as T — T, in agreement with experiment. We also note that our
expression (10.40) contains no adjustable parameter such as the superelectron mass.
Thus, it can be used to determine (p,, ng, vfpl) + v}z)).

Finally, Equation (10.19) represents an evolution equation for the GL wavefunc-
tion, which is significant. Since the GL wavefunction was intuitively introduced for
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a stationary state problem, it is not immediately clear how to describe its temporal
evolution.

In summary, we derived the GL equation from first principles. In the deriva-
tion we found that the particles which are described by the GL wavefunction
W'(r) must be bosons. We took the view that W’'(r) represents the bosonically
condensed pairons. This explains the quantum nature of the wavefunction. In fact
W'(r) = (r|n'/? |o) is a mixed representation of the pairon squareroot density op-
erator n'/2 in terms of the position r and the momentum state o. The new density
condition is given by W*(r)¥/ (r) = n,(r) = condensed pairon density. The nonlin-
earity of the GL equation arises from the point-like repulsive interpairon interaction.
In 1950 when Ginzburg and Landau published their work, the Cooper pair (pairon)
was not known. They simply assumed the superelectron model. The expansion pa-
rameters (o, 8) in the GL theory are identified as the negative of the pairon binding
energy and the repulsive interpairon interaction strength. This eventually leads to a
remarkable result that the temperature-dependent condensed pairon density no(7)
is proportional to the pairon energy gap €,(7') for all temperatures below 7.
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Chapter 11
Josephson Effects

Josephson effects are quantum statistical effects manifested on a macroscopic scale.
A close analogy emerges between a supercurrent and a laser. Supercurrents, not
lasers, respond to electromagnetic fields, however. Basic equations for the current
passing a Josephson junction are derived. They are used to discuss SQUID and
AC Josephson effects. Analyses of Shapiro steps in the V-I diagram show that the
quasi-wavefunction W, rather than the G-L wavefunction W/ represents correct
pairon dynamics.

11.1 Josephson Tunneling and Interference

In 1962 Josephson predicted a supercurrent tunneling through a small barrier with
no energy loss [1,2]. Later, Anderson and Rowell [3] demonstrated this experimen-
tally. The circuit contains two superconductors S; and S, with a Josephson junction
consisting of a very thin oxide film of thickness ~ 10 A, see Fig. 11.1. The two
superconductors are made of the same material. The I-V curves observed are shown
in Fig. 11.2. Finite current [y appears in (a) even at V = 0, and its magnitude is of
the order of mA; it is very sensitive to the presence of a magnetic field. When a
weak field B = uoH (~ 0.4 Gauss) is applied, the current I drops significantly as
shown in (b). When the voltage (~ mV) is raised high enough, the normal tunneling
current appears, whose behavior is similar to that of Giaever tunneling in the S-I-S
system, see Fig. 1.7. To see the physical significance of Josephson tunneling, let
us consider the same system above 7.. The two superconductors above 7, show
potential drops, and the oxide layer generates a large potential drop. Below 7, the
two superconductors having no resistance show no potential drops. Moreover, the
oxide layer exhibits no potential drop! This is an example of quantum tunneling,
which we learn in elementary quantum theory. The quasi-wavefunctions ¥;(r) in
the superconductors S; do not vanish abruptly at the S;-I interfaces. If the oxide
layer is small (~ 10 A), the two wavefunctions ¥, and W, may be regarded as a
single wavefunction extending over both regions. Then pairons can tunnel through
the oxide layer with no energy loss.

S. Fujita et al., Quantum Theory of Conducting Matter, 143
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Fig. 11.1 Insulator
sandwiched by two
superconductors

Fig. 11.2 The I-V curves
observed by Anderson and
Rowell [3] indicating a
Josephson tunneling current
(a) B =0, (b) B = 0.4 Gauss
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The oxide layer that allows supercurrent tunneling, shown in Fig. 11.3 (a), is
called a trunneling junction. Similar effects can be produced by constriction (b) and
point contact (c). Any of the three is called a weak link or a Josephson junction.

We now take a ring-shaped superconductor with two Josephson junctions as
shown in Fig. 11.4. Below T, the current may split in two branches and rejoin.
If a very weak magnetic field is applied normal to the ring and is varied, the current
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Fig. 11.3 Three types of
weak links
i > >

(a) Tunneling junction

1 o

(b) Constriction (c) Point contact

Fig. 11.4 (a) The
supercurrent at B = 0, (b) the
diamagnetic supercurrent is
generated and shows an
interference pattern as the
magnetic field is increased as
shown in Fig. 11.5

I has an oscillatory component, as shown in Fig. 11.5 [4]. The oscillatory part can
roughly be represented by

I = Inax cos(m D/ Dy), by =nh/e, (11.1)
where ® is the magnetic flux enclosed by the ring:

® = BA, A=nr> (r~ 1mm); (11.2)
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Fig. 11.5 Current versus
magnetic field, after Jaklevic

et al. [4] T

Josephson Current
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and I, is a constant. This is a supercurrent interference. The two supercurrents
separated by 1 mm can interfere just as two laser beams from the same source.

This interference may be explained as follows. We divide the steady supercur-
rents in two, as shown in Fig. 11.4, where (a) represents the current in the absence
of B, and (b) the diamagnetic (field-reducing) current going through two junctions.
The diamagnetic current is similar to that appearing in the flux quantization ex-
periment discussed in Section 9.1. Junctions allow the magnetic flux ® to change
continuously, which generates a continuous current. Detailed calculations, see be-
low, show that the period of oscillation is ®/2®dy, as indicated in Equation (11.1). To
appreciate the physical significance, consider the same circuit above 7,.. Application
of a magnetic field generates a diamagnetic normal current around the ring, which
dies out due to resistance, and cannot contribute to the steady current.

We close this section by pointing out a close analogy between supercurrent and
laser. Both can be described by the wavefunction U exp(ik - r), U = constant, rep-
resenting a system of massless bosons all occupying the same momentum state 7K.
Such a monochromatic massless boson flux has a self-focusing power (capability).
A flux of photons in a laser is slowed down by atomic electrons in a glass plate,
but it can refocus by itself into the original state due to the photon’s boson nature.
Similarly the pairon flux (supercurrent) becomes monochromatic after passing a
Josephson junction. Thus, both laser and supercurrent can interfere at a macroscopic
distance. The self-focusing power comes from the quantum statistical factor:

Np+1, (11.3)

with Nj, denoting the number of pairons associated with the condensation process
in which a pairon joins the group of bosons numbering N, in the state p. The impor-
tance of the quantum statistical factor has been well established. Ueling and Uhlen-
beck [5] derived the Ueling—Uhlenbeck collision terms by quantum-correcting the
Boltzmann collision terms. Tomonaga [6] solved the corrected Boltzmann equation
and obtained a T2-law behavior of the viscosity coefficient for a highly degener-
ate fermion gas. The number N, + 1 is an enormous enhancement factor. But part
of the enhancement is compensated by the factor N, associated with the decon-
densation process in which a pairon leaves the group. Feynman argued for such
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a boson enhancement effect in his provocative discussion of the supercurrent [7].
He discussed this effect in terms of the probability amplitude, and therefore the
factor le appears in his argument. The macroscopic interference may be observed
for massless bosons (photons, patrons) only. It is interesting to note that such a
self-focusing power is not known for a fermion (electron, nucleon, neutrino) flux.
Quantum diffraction is observed for both fermions and bosons.

Supercurrents and lasers are, however, different. Pairons carry charge, but pho-
tons do not. Hence only pairons can contribute to the charge transport. Moreover
supercurrents generate magnetic fields and react against electro-magnetic fields. We
also note that pairons can stop, while photons cannot, and they always move.

11.2 Equations Governing a Josephson Current

In this section we derive basic equations governing the supercurrent passing through
a Josephson junction. Our derivation essentially follows Feynman’s in his lecture
notes on the supercurrent [7, 8]. Our theory, however, is based on the independent
pairon model, while Feynman assumed the superelectron model.

Consider an insulator of width Ax sandwiched between two identical supercon-
ductors as shown in Fig. 11.1. If the width Ax is large, then the two superconductors
do not affect each other, and the quantum equations of motion in each superconduc-
tor are uncoupled:

d d
lﬁE\Ifl(l‘) = Ed,, lth)z(t) = E,d,, (11.4)

where E; are the energies of the supercondensate with £ differing from E; if there
is a voltage across the insulator:

E,—E =qV (=2eV). (11.5)

Now if the width Ax is very small (~ 10 A), then Josephson tunneling can occur,
and the two wavefunctions are correlated. We represent this by

d d
lthfl(l) = EV| + KV,, lhaqu(l) = E,V, + KV, (11.6)

where K is a real coupling constant (energy). If there is no bias voltage, we have
a single energy E; + K for the combined system. Thus, in this case, the reality of
the energy constant K is justified. The wavelength A = 27 /k of the pairon is very
much greater than the junction width Ax:

A > Ax. (11.7)
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Then the phase of the quasi-wavefunction:

O(x) =kx =2nx/A (11.8)

changes little when x is measured in units (Iengths) Ax. We may simply assume that

each superconductor has a position-independent phase 6;.
Let us assume a wavefunction of the form:

V(1) = n;(1)exp [i6,1)] (11.9)

where n; are the position-independent pairon densities. Substituting Equation (11.9)
in Equations (11.6), we obtain (Problem 11.2.1)

ihil] + hl’l191 :E1n1 + an exp [i(@z — 91)] s
ihny 4 hnyby =Esny + Knyexp [—i(6, — 6))]. (11.10)

Equating real and imaginary parts of Equations (11.10), we find that (Problem
11.2.2)

hfu=ansin(92—91)Eansin8, hfiz:—l(nlsin& (1111)
Wy = Ey+ K2 coss,  hbh = E>+ KL coss, (11.12)
ny ny
where
=6, — 6 (11.13)

is the phase difference across the junction.
Equations (11.11), (11.12) and (11.13) can be solved by a Taylor expansion
method. Assume that

nj0)=nP0 +n 4., (11.14)

where the upper indices denote the orders in K. After simple calculations, we obtain
(Problem 11.2.3)
n\” = n® = ny, (11.15)

hﬁ(ll) = npsing, fm(;) = —ngpsiné, (11.16)
hd§/dt = 2eV, 11.17)

where we assumed that the initial pairon densities are the same and they are equal
to ng. The electric current [ is proportional the charge (2e) and the rate 71,. Thus,
we obtain
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Io = 2¢Kh 'ny. (11.18)

The last two equations are the basic equations, called the Josephson-Feynman
equations, governing the tunneling supercurrent. Their physical meaning will be-
come clear after solving them explicitly, which we do in the next section.

As an application of Equation (11.18), we complete the discussion of the SQUID
with quantitative calculations. The basic set-up of the SQUID is shown in Figs. 1.11
and 11.4. Consider first the current path ACB. The phase difference (A¢)cp along
this path is

(Ap)acp = 8¢ +2eh™! A -dr. (11.19)
ACB

Similarly for the second path ADB, we have

(AP)app = 8p + 2eh™! A -dr. (11.20)
ADB

Now the phase difference between A and B must be independent of path:

(AP)acp = (ADP)app, (11.21)
from which we obtain
8¢ —8p =2eh-‘?§ A-dr =2eh ', (11.22)
ADBCA

where ® is the magnetic flux through the loop. For convenience, we write
Sc =8y +eh D, Sp =38y —eh ' D, (11.23)

where Jy is a constant. Note: This set satisfies Equation (11.22). The total current /
is the sum of the two branching currents /- and Ip. Then, using Equation (11.18)
we obtain

I =Ic+ Ip = Ih{sin(8y + eh ' ®) + sin(§y — eh ™' D)} = I, sin 8y cos(eh ™' D).
(11.24)

The constant §y introduced in Equation (11.23) is an unknown parameter, and
it may depend on the applied voltage and other condition. However, |sindp| is
bounded by unity. Thus the maximum current has amplitude I;,,x = Ip| sin §y|, and
the total current / is expressed as

[ = Imax cos(eli™ ' @) = Loy cos(r®/Dy), dy = h/e, (11.25)

proving Equation (11.1).
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Problem 11.2.1. Derive Equations (11.10).
Problem 11.2.2. Verify Equations (11.11) and (11.12).
Problem 11.2.3. Verify Equations (11.16), (11.17) and (11.18).

11.3 AC Josephson Effect and Shapiro Steps

Josephson predicted [1, 2] that upon the application of a constant voltage V the
supercurrent passing through a junction should have a component oscillating with
the Josephson (angular) frequency:

w; =2eh V. (11.26)

We discuss this Josephson effect in the present section.
Assume that a small voltage Vj is applied across junction. Solving Equation
(11.17), we obtain

8(r) = 8o + 2eh ' Vor = 89 + wyt, (11.27)

where § is the initial phase. The phase difference § changes linearly with the time 7.
Using Equation (11.27) we calculate the supercurrent /; from Equation (11.18) and
obtain

1,(t) = Iy sin(8 + w;1). (11.28)

For the laboratory voltage and time, the sine oscillates very rapidly, and the time-
averaged current vanishes:

1 T
(Iy) me = lim —/ dt I(t) = 0. (11.29)
T—oo T 0

This is quite remarkable. The supercurrent does not obey Ohm’s law familiar in
the normal conduction: 7, (normal current) o Vj (voltage). According to Equation
(11.28) the supercurrent flows back and forth across the junction with the (high)
frequency w; under the action of the dc bias. Most importantly the supercurrent
passing through the junction does not gain energy from the bias voltage. Every-
thing is consistent with our physical picture that the supercondensate is composed
of independently moving =+ pairons and is electrically neutral. In practice, since
the temperature is not zero, there is a small current 7, due to the moving charged
quasi-particles (quasi-elections, excited pairons).

Let us now apply a small ac voltage in addition to the dc voltage V,,. The AC
voltage may be supplied by a microwave. We assume that

V =Vy+ vcoswt, v < Vo, (11.30)
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where o is the microwave frequency of the order 10'° cycles/sec = 10 GHz. Solving
Equation (11.17) with respect to 7, we obtain

t
2
8(t) = o +/ dt Zeh’I[Vo +vcoswt] = &y + ZehflVot + hiv sinwt. (11.31)
0 w

Because v < V), the last term is small compared with the rest. We use Equations
(11.28) and (11.31) to calculate the supercurrent / (the subscript s dropped) and
obtain to the first order in 2eV /hw (Problem 11.3.1):

2
I = Iysiné(t) = Iy[sin(Sp + wyt) + g sin wt cos(§y + wy1)]. (11.32)
1)

The first term is zero on the average as before, but the second term is non-zero if
w=2eh™'Von = wyn, n=12,... (11.33)

(Problem 11.3.2). Thus, there should be a dc current if the microwave frequency
o matches the Josephson frequency w; or its multiples nw;. In 1963 Shapiro [9]
first demonstrated such a resonance effect experimentally. If data are plotted in the
V-I diagram, horizontal current strips form steps of equal height (voltage) hw/2e
called Shapiro steps. Typical data for a Pb-PbO,-Pb tunnel junction at ® = 10
GHz obtained by Hartland [10] are shown in Fig. 11.6. (Shapiro’s original paper [9]
contains steps but the later experimental data such as those shown here allow the
more delicate interpretation of the ac Josephson effect.) The clearly visible steps
are most remarkable. Figure 11.6 indicates that horizontal current strips decrease in
magnitude with increasing n, which will be explained below.

We first note that the dc bias voltage Vj applied to the junction generates no
change in the energy of the moving supercondensate. Thus, we may include the

Voltage

Fig. 11.6 Shapiro steps in the
V-I diagram, after
Hartland [10] Current
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effect of this voltage in the unperturbed Hamiltonian Hj and write the total Hamil-
tonian H as

H = Hy + 2ev cos wt, (11.34)

where the second term represents the perturbation energy due to the microwave. We
may write the wavefunction corresponding to the unperturbed system in the form:

Wo(r, 1) = A(r)exp(—i Et/h), (11.35)

where E is the energy. In the presence of the microwave we may assume a steady-
state wavefunction of the form:

W(r,t) = A(r)exp(—iEt/h) |:Z B, exp(—ina)t):| , (11.36)

—00

Substituting Equation (11.36) into the quantum equation of motion

o
ih— = HW,
Jt
we obtain (Problem 11.3.3).
B, = —(By_i + Bus). (11.37)
hw

The solution of this difference equation can be expressed in terms of the n-th
order Bessel function of the first kind [11];

B, = Ju(@),  a=2ev/ho. (11.38)

We then obtain

W(r,t) = Aexp(—iEt/h) |: Z Ju () exp(—ina)t):| . (11.39)

n=—0oo

This steady-state solution in the presence of a microwave indicates that the con-
densed pairons (supercondensate) can have energies, E, E + hw, E £ 2hw, .. ..
Now from Equation (11.18) we know that the supercurrent / is proportional to the
condensed pairon density ng. The amplitude of the quasi-wavefunction W is also
linear in this density ny. Hence we deduce from Equation (11.39) that the (horizon-
tal) lengths of the Shapiro steps at n are proportional to J,(«) and decrease with
increasing n in agreement with experiments.

In the preceding calculation we used the quasi-wavefunction W. If we adopted the
GL wavefunction W’ instead, we would have obtained the same solution (23.39), but
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the physical interpretation is different. We would have concluded that the horizontal
lengths of the Shapiro steps would decrease with 7 in proportion to J?(c). Experi-
ments support the linear J,,-dependence. In other words the quasi-wavefunction W,
which is proportional to the supercondensate density n, gives a physically correct
description of pairon dynamics.

Problem 11.3.1. Verify Equation (11.32). Use Taylor’s expansion.

Problem 11.3.2. Show that the averaged current / in Equation (11.32) is finite if
Equation (11.33) is satisfied.

Problem 11.3.3. Verify Equation (11.37).

11.4 Discussion

11.4.1 Josephson Tunneling

If two superconductors are connected by a Josephson junction, a supercurrent can
pass through the junction with no energy loss. This is the Josephson tunneling. The
Josephson current is typically very small (mA), and it is very sensitive to an applied
magnetic field (mG).

11.4.2 Interference and Analogy with Laser

In a SQUID two supercurrents separated up to 1 mm can exhibit an interference pat-
tern. There is a close analogy between supercurrent and laser. Both are described by
the wavefunction A exp i(k-r—wt) representing a state of condensed bosons moving
with a linear dispersion relation. Such a boson flux has a self-focusing power. A
laser beam becomes self-focused after passing a glass plate (disperser); likewise the
condensed pairon flux becomes monochromatic after passing a Josephson junction.
Thus, both laser and supercurrent can interfere at a macroscopic distance. Super-
currents can, however, carry electric currents. No self-focusing power is known for
fermion fluxes.

11.4.3 GL Wavefunction, Quasi-Wavefunction, and Pairon Density
Operator

The GL-wavefunction W/ (r) and the pairon density operator n are related by
W/ (r) = (r|n'/?|o), where o represents the condensed pairon state. In the ex-
ample of a ring supercurrent, we may simply choose ¢ = p, = 2mhL 'm,
(m =0,%1,£2,...). Form < 0, ¥, (x) = Aexp(=ih~ ' pux), pm = 2whm/L
represents a current-carrying state at p = p,,. This state is material-independent.
The state is qualitatively the same for all temperatures below T, since there is only
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one quantum state. Only the density of condensed pairons changes with temperature.
The quasi-wavefunction W, (r) for condensed pairons can be related to the pairon
density operator n through W, (r) = (r| n |o). This ¥, (r) and the GL wavefunction
W’ (r) are different in the normalization. Both functions (¥, W) can represent the
state of the supercondensate. The density operator n(t) changes in time, follow-
ing a quantum Liouville equation, from which it follows that both (W', ¥) obey
the Schrodinger equation of motion (if the repulsive interpairon interaction is ne-
glected).

11.4.4 Josephson—Feynman Equations

The wavelength A = h/p, = L/n characterizing a ring supercurrent is much greater
than the Josephson junction size (10 A). Thus the phase of the quasi-wavefunction
¢(x) = kx = 2mA~'x measured in units of the junction size is a very slowly
varying function of x. We may assume that superconductors right and left of the
junction have position-independent phase 6;. Josephson proposed two basic equa-
tions governing the supercurrent running through the junction [1,2]:

I:I()Sin8, 8292—91

ds
h— =2eV.
dt ¢

The response of the supercurrent to the bias voltage V differs from that of the
normal current (Ohm’s law). Supercurrent does not gain energy from a dc bias. This
behavior is compatible with our picture of a neutral moving supercondensate.

11.4.5 AC Josephson Effect and Shapiro Steps

On applying a dc voltage V), the supercurrent passing through a junction has a com-
ponent oscillating with the Josephson frequency: w; = 2eh~!Vj. This ac Josephson
effect was dramatically demonstrated by Shapiro [9]. By applying a microwave of a
matching frequency w = nw; forn = £1, £2, ... step-like currents were observed
in the V-I diagrams as in Fig. 11.6 The voltage step is

Vo = (5/26)60]. (1 140)

Since the microwave frequency w can accurately be measured, and (h,e) are con-
stants, Equation (11.40) can be used to define a voltage standard. The horizontal
(current) strips in the V-I diagram decrease in magnitude with increasing n. We
found that the quasi-wavefunction ¥ whose amplitude is proportional to the pairon
density gives the correct pairon dynamics.
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11.4.6 Independent Pairon Picture

In the present treatment of the supercurrent we assumed that £ bosonic pairons hav-
ing linear dispersion relations move independently of each other. Thus the analogy
between supercurrent and laser is nearly complete except that pairons have charges
=+ 2¢ and hence interact with electromagnetic fields. (Furthermore the pairons can
stop with zero momentum while photons run with the speed of light and cannot
stop.) The supercurrent interference at macroscopic distances is the most remark-
able; it supports a B-E condensation picture of free pairons having linear dispersion
relations. The excellent agreement between theory and experiment also supports our
starting point, the generalized BCS Hamiltonian.
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Chapter 12
High Temperature Superconductors

Cuprate superconductors have layered structures containing the copper planes
(Cu0Oy). The electric conduction occurs in the copper plane. The longitudinal optical
phonon exchange generates positively and negatively charged pairons, both of
which move with linear dispersion relations. The system of the pairons undergoes
a Bose—FEinstein condensation at the critical temperature T,, kg T, = 1.24 hugn'/?,
where 7 is the pairon density and vy the Fermi speed. The phase change is of the
third order.

12.1 Introduction

In 1986 Bednorz and Miiller [1] reported the first discovery of the high-T, cuprate
superconductor (La-Ba-Cu-O, T, > 30K). Since then, many investigations [2—10]
have been carried out on the high temperature (or high-T,) superconductors (HTSC)
including Y-Ba-Cu-O with 7, ~ 94K [11]. These compounds possess all of the main
superconducting properties: sharp phase transition, zero resistance, Meissner effect,
flux quantization, Josephson effects, and gaps in the excitation energy spectra. This
means that there is the same superconducting state in high-7, superconductor as in
elemental superconductors. In addition these cuprate superconductors are character-
ized [12] by 2D conduction, short zero-temperature coherence length & (~ 10 A),
high critical temperature (~ 100 K), type II magnetic behavior, two energy gaps,
d-wave Cooper pair, unusual transport and magnetic behavior above T, the dome-
shaped doping dependence of 7.

12.2 Layered Structures and 2-D Conduction

Cuprate superconductors have layered structures such that the copper planes
(Cu0,), shown in Fig. 12.1, are periodically separated by a great distance (e.g.,
a =388Ab=2382Ac=11.68 A for YBa,Cu307_s). The lattice structure
of YBCO is shown in Fig. 12.2. The succession of layers along the c-axis can be
represented by CuO-BaO- CuO;-Y-CuO,-BaO-[CuO- ... .

S. Fujita et al., Quantum Theory of Conducting Matter, 157
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Fig. 12.1 Copper
plane(CuO,). The shaded
area represents a unit cell

Fig. 12.2 Arrangement of
atoms in a crystal of
YB3.2CU3 07;
superconducting
YBa,;Cu;07_s has some
missing oxygens (§)
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The buckled CuO, plane, where Cu-subplane and O-subplane are separated by a
short distance is shown. The two copper planes separated by yttritium (Y) are about
3 A apart, and they are responsible for the conduction.

The conductivity measured is a few orders of magnitude smaller along the c-axis
than perpendicular to it [13]. This appears to contradict the prediction based on the
naive application of the Bloch theorem. This puzzle may be solved as follows [14].
Suppose an electron jumps from one conducting layer to its neighbor. This generates
a change in the charge states of the layers involved. If each layer is macroscopic
in dimension, the charge state Q, of the n-th layer can change without limits:
0, =...,—2,—-1,0,1,2,... in units of the electron charge e. Because of un-
avoidable short circuits between layers due to the lattice imperfections, Q, may not
be large. At any rate if Q,, are distributed at random over all layers, the periodicity
of the potential for the electron along the c-axis is lost. Then, the Bloch theorem
based on the electron potential periodicity does not apply even though the lattice
is crystallographically periodic. As a result there are no k-vectors along the c-axis.
This means that the effective mass in the c-axis direction is infinity, so that the Fermi
surface for the layered conductor is a right cylinder with its axis along the c-axis.

The torque-magnetometry experiment by Farrell et al. [13] in Tl,Ba,Ca-Cu,0,
indicates an effective-mass anisotropy of at least 10. Other experiments [15-17] in
thin films and single crystals also indicate a high anisotropy. The most direct way
of verifying the 2D structure, however, is to observe the orientation dependence
of the cyclotron resonance (CR) peaks. The peak position (w) in general follows
Shockley’s formula

w _ (mam; cos2(ju.x1) 4+ m3my cos2(w.x3) & mymy cos2(w.xz)\ (12.1)
eB mimoms ’ '
where (m, m», m3) are effective masses in the Cartesian axes (x1, xp, x3) taken
along the (a, b, ¢) crystal axes, and cos(u, x;) is the direction cosine relative to the
field B and the axis x;. If the electron motion is plane-restricted, so that m3 — oo,
Equation (12.10) is reduced to the cosine law formula:
o = eB(mimy)"?cos6, (12.2)

where 6 is the angle between the field and the c-axis.

A second and much easier way of verifying a 2D conduction is to measure the
de Haas—van Alphen (dHVA) oscillations and analyze the orientation dependence of
the dHVA frequency with the help of Onsager’s formula: [18],

A 17 2me 1 (12.3)
B| h A '

where A is the extremum intersectional area of the Fermi surface and the planes
normal to the applied magnetic field B. Wosnitza et al. [19] reported the first direct
observation of the orientation dependence (cosf law) of the dHVA oscillations in
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Fig. 12.3 Angular 6
dependence of the reduced
effective mass in (a) E L
«~(ET),Cu(NSC), and (b) x K —(ET).Cu(NCS
a~(ET,)(NH,)Hg(SCN),. An % sl (ET),CuNCS), %
angle of 0° means H is 5 %
perpendicular to the ;
conducting plane. The solid 8 i
fits are obtained using =
Equations (12.11) and o 4F %
(12.12). After Wosnitza ..% /
etal. [19] 3 | %
2 [(a)  ~
3 1 | | 1 1
-60 -40 -20 0 20 40
Angle (°)
£ 6L
= ° 5
g L O(.—(ET)Z(NH4)Hg(SCN)4
S of :
R /
Sl ;
o 4 \ /
s ?
g [y 2
w 3+ (b) \\%\ %/
R e S
-80 -40 0 40 80

Angle (°)

k-(ET),Cu(NCS), and «-(ET),(NH4)Hg(SCN)4, both layered organic superconduc-
tors, confirming a right cylindrical Fermi surface. Their data and theoretical curves
are shown in Fig. 12.3. Notice the excellent agreement between theory and experi-
ment. Measurements of orientation-dependent magnetic or magneto-optical effects
in high-7, superconductors are highly desirable, since no transport measurements
alone can give a conclusive test for a 2D conduction because of unavoidable short
circuits between layers.

12.3 The Hamiltonian

Since the electric current flows smoothly in the copper planes, there are continuous
k-vectors and the Fermi energy €. Many experiments [1-8] indicate that singlet

pairs with antiparallel spins (pairons) form a supercondensate whose motion gener-
ates supercurrent.
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Let us examine the cause of the electron pairing. We first consider the attraction
via the longitudinal acoustic phonon exchange. Acoustic phonons of lowest energies
have the linear dispersion relation:

€ =c;hK, K =2n/A, (12.4)

where ¢ is the sound speed. The attraction generated by the exchange of longitudi-
nal acoustic phonons is long-ranged. This mechanism is good for a type I supercon-
ductor. This attraction is in action also for a high-7, superconductor, but it alone is
unlikely to account for the much smaller pairon size.

Second, we consider the optical phonon exchange. Each copper plane has Cu
and O, and 2D lattice vibrations of optical modes are important. Optical phonons
of lowest energies have short wavelengths, and they have a quadratic dispersion
relation:

T 2 T 2
€ =€+ A (K] — —) + A, (Kz — —) , (12.5)
a a

1 2

where €, A, and A, are constants. The attraction generated by the exchange of
a massive boson is short-ranged just as the short-ranged nuclear force between
two nucleons generated by the exchange of massive pions. Lattice constants for
YBCO(ay, a,) are (3.88, 3.82) A, and the limit wavelengths (L) at the Brillouin
boundary are twice these values. The observed coherence length &; has the same
order of magnitude as Apin:

£9 ~ Amin = 8A. (12.6)

Thus the electron-optical-phonon interaction is a viable candidate for the cause
of the electron pairing [9].

To see this in more detail, let us consider the copper plane. With the neglect of
a small difference in the lattice constants along the a- and b-axes, Cu atoms form a
square lattice of a lattice constant ag = 3.85A, as shown in Fig. 12.1. Oxygen atoms
(O) occupy mid-points of the nearest neighbors (Cu, Cu) in the plane. The unit cell
(dotted area) is located at the center. Observe that Cu’s line up in the [110] and [1 10]
directions with a period «/zao while O’s line up in [100] and [010] with the lattice
constant ag. The first Brillouin zone is shown in Fig. 12.4. The compound copper
plane is likely to contain “electrons” and “holes.” In equilibrium the “electrons,”
each having charge —e, are periodically distributed over the sublattice of positive
ions Cu*? due to Bloch’s theorem. If the number density of “electrons” is small, the
Fermi surface should then be a small circle as shown in the central part in Fig. 12.4.
The “holes,” having charge +e, are periodically distributed over the sublattice of
the negative ions O~2. If the number of “holes” is small, the Fermi surface should
consist of the four small pockets shown in Fig. 12.4. The Fermi surface constructed
here will play a very important role in our microscopic theory. We shall examine it
from a different angle.
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Fig. 12.4 The Fermi surface of a cuprate model has a small circle (“electrons”) at the center and
a set of four small pockets (“holes”) at the Brillouin boundary. Exchange of a phonon can create
the -pairon at (B, B’) and the +pairon at (A, A’). The phonon must have a momentum equal to /&
times the k-distance AB, which is greater than minimum k-distance between the “electron” circle
and the “hole” pockets

First, let us look at the motion of an “electron” wave packet that extends over
a unit cell. This “electron” wave packet, called the “electron” for short, may move
easily in [110] or [110] because the O-sublattice charged uniformly favors the mo-
tion over the possible motion in [100] and [010]. In other words the easy axes of
motion for the “electron” are the second-nearest (Cu-Cu) neighbor directions [110]
and [110] rather than the first neighbor directions [100] and [110]. The Bloch wave
packets are superposable; hence the “electron” can move in any direction charac-
terized by the 2D k-vectors with bases taken along [110] and [110]. Second we
consider a “hole” wave packet which extends over a unit cell. The “hole” may move
easily in [100] or [010] because the Cu-sublattice of a periodic charge distribution
favors such a motion.

Under the assumption of the Fermi surface shown, pair-creation of + pairons
by the exchange of an optical phonon may occur as indicated in Fig. 12.4. Here a
single-phonon exchange generates an electron transition from A in the O-Fermi sheeet
to B in the Cu-Fermi sheet and another electron transition from A’ to B’, creating
the —pairon at (B, B’) and the +pairon at (A, A”). From momentum conservation the
momentum (magnitude) of a phonon must be equal to 7 times the k-distance AB,
which is approximately equal to the momentum of an optical phonon of the small-
est energy. Thus the Fermi surface comprising a small “electron” circle and small
“hole” pockets is quite favorable for forming a supercondensate by exchanging an
optical phonon. Note: the pairon formation via optical phonon exchange is anisotropic,
yielding the d-wave Cooper pairs, which will be discussed in Chapter 15.

Generally speaking, any and every possible cause for the electron pairing, in-
cluding spin-dependent one must be enumerated, and its importance be evaluated.
However if the net interaction between two electrons due to all causes is attractive,
pairons will be formed. Then a BCS-like Hamiltonian can be postulated generically
irrespective of specific causes. Because of this nature of theory, we may set up a
generalized BCS Hamiltonian as follows [10]. We assume that:
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e The conduction electrons move in the copper plane.
e There exists a well-defined Fermi energy € for the normal state.
o There are “electrons” and “holes” with different effective masses:

my # my. (12.7)

o The electron-phonon attraction generates pairons near the Fermi surface within a
distance (energy) €, = hwp.
e The interaction strengths v;; satisfy

V1] = VU < V2 = V31, (12.8)

since the Coulomb repulsion between two electrons separated by 10 A is not
negligible due to the incomplete screening.

Under these conditions we write down a generalized BCS Hamiltonian:

_ (H_ (1) 2 (2
H _Zek ny g +Z€k s
k,s k,s

/ / .
=3 iy b+ viby BT+ vab b + vk b
k K
A (Ot p(1)
B Z Z Z [vi1Byy Big
k q ¥

1 2 2
+ v Bl BUN + v B By + v By B 1. (12.9)

All assumptions are essentially the same as those for elemental superconductors,
and detailed explanations were given in Section 3.2. In summary we assume the
same generalized BCS Hamiltonian for cuprates. Only 2D electron motion, optical-
phonon exchange attraction, and inequalities (12.8) are newly introduced.

12.4 The Ground State

In Section 3.2 we studied the ground state of the generalized BCS system. The
generalization includes consideration of the Fermi surface and new definition of
“electrons” and “holes”. We can extend our theory to the cuprate model straightfor-
wardly. We simply summarize methods and results. At 0K there are only stationary
pairons described in terms of (b, b"). The ground state W for the system can be
described by the reduced Hamiltonian per unit plane given by
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Hy=) 3 &'m)+3 > & n
N k s

k

N D, (1 D, @ 2),(1 2), (2
=S nb b + vinb B0+ va1bTBY + vk b,
k K

Following BCS [20], we assume the normalized ground-state ket

% /
2
) = [T + oD T 6 + w252H00),
k K

where u’s and v’s are probability amplitudes satisfying
()2 (N2 _
u +vT =1

We now determine u’s and v’s such that ground state energy

/ /
W= (W) = 3260 1 3 2
k k

SN v
kK K i

have a minimum value. After variational calculations, we obtain

W, G () ()2 ()2 ! . 2) (2
261(] wv! — ! —v/! )Z [Ujlus(/)vl((/) + vjzuf(,)vl((,)] =0.
™

(12.10)

(12.11)

(12.12)

(12.13)

(12.14)

To simply treat these equations subject to Equation (12.12), we introduce a set of

energy-parameters:

. ) ) 172
) G — | ()2 ()2
A7, E) = [ek + A ]
such that
)] )
W2 02 S Uy = A
E]E]) 2E]E])

Then, Equation (12.14) can be re-expressed as

A

Aj EA:(]) = Z/Zvijﬁ,
K /

~ "2F

(12.15)

(12.16)

(12.17)
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which are the generalized energy gap equations. These equations can alternatively
be obtained by the equation-of-motion method as shown in Chapter 4.

Using Equations (12.16) and (12.17), we calculate the ground-state energy W
and obtain

Z I((J)vl(gﬁ Z Z Z Z vl]”}(l)vl((l)u;g’)vl(j)

Jj

Z

2 RO A2
Z > <’>[1— 7 } (12.18)
k j=1

E(.]) 2E]((j)

The ground-state ket |W) in Equation (12.11) is a superposition of many-pairon
states. Each component state can be reached from the physical vacuum state |0)
by pair creation and/or pair annihilation of &£ pairons and by pair stabilization via
a succession of phonon exchanges. Since phonon exchange processes are charge-
conserving, the supercondensate is composed of equal numbers of &+ pairons. In the
bulk limit we obtain

h(x)D 2 Az

2
_ _ € _ j
W= ;N(o)/o dele - O +A§)]/2]

1
= ENO(wl + wy). (12.19)
with
w; = hop{l — [1 + (A;/hop)*1'}(< 0) (12.20)
No = hwpN(0). (12.21)

The binding energies |w;| for £ pairons are different. To proceed further we
must find A; from the gap equations (12.17). In the bulk limit, these equations are
simplified to

A
( €2+ A2)l/2

th AZ

1 th
Aj = EUIIN(O)/O m

vﬂN(O) /

= %v AN (0)A; sinh™ (hwp /A;) + Ev 2 N(0)A; sinh™ (hop /Az), (12.22)

whose solutions will be discussed in Section 12.7.
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12.5 High Critical Temperature

In a cuprate superconductor, pairons move in the copper plane with the linear dis-
persion relation:

€ =Q2/m)vpp = cp. (12.23)

Earlier in Section 6.1, we saw that free bosons moving in 2D with the dispersion
relation € = cp undergoes a B-E condensation at [Equation (6.11)] [21]

T. = 1.954 hen'ky (12.24)
After setting ¢ = (2/m)vr, we obtain
kpT. = 1.24 hopny* = 1.24 hvpry !, (12.25)

where ng represents the number density of the pairons in the superconductor and
ro = ng Y2 is the average interpairon distance.
Let us compare our results with the case of elemental (type I) superconductors.

The critical temperature 7, for 3D superconductors is
kpT, = 1.01 hvgny = 1.01 hopry !, (12.26)

[Equation (6.38)]. The similarity between Equations (12.25) and (12.26) is remark-
able; in particular the critical temperature 7, depends on (vg, 1) nearly in the same
way. Now the interpairon distance ry is different by the factor 10> ~ 103 between
type I and cuprate. The Fermi velocity v is different by the factor 10 ~ 10?. Hence
the high critical temperature is explained by the very short interpairon distance,
partially compensated by a smaller Fermi velocity.

The critical temperature 7, is much lower than the Fermi temperature 7. The
ratio T,/ Tr computed from Equation (12.25) is

T 1,5 B2 ng) T h? (12.27)
= — v = = .
B T T e T R
yielding
T. Ry
— =0.99—, (12.28)
Tr ro

which represents the law of corresponding states for the critical temperature 7T, in
2D. Note: Equation (12.28) is remarkably close to the 3D formula (6.48).

If we assume a 2D Cooper system with a circular Fermi surface, we can calculate
the ratio Ry/ry and obtain
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Ry [Op\"?
r_(f:(%) _ (12.29)

Introducing the pairon formation factor « (see Section 6.4), we rewrite Equation
(12.28) as

T, =0.70a(®pTr)"/?, (12.30)

which indicates that T, is high if T and ®p are both high. But the power laws are
different compared with the corresponding 3D formula (6.54). The observed pairon
formation factor o for cuprates is in the range ~ 1072, much greater than that for
elemental superconductors. This is reasonable since the 2D Fermi surface has an
intrinsically more favorable symmetry for the pairon formation.

We saw earlier that the interpairon distance ry in 3D is several timses greater than
the BCS coherence length &y = hAvg/mA [20]. For 2D, we obtain from Equation
(12.25)

rg = 6.89&. (12.31)

Thus, the 2D pairons do not overlap in space. Hence the superconducting temper-
ature T, can be calculated based on the free-moving pairons. Experiments indicate
that &y = 14 A and 7. = 94 K for YBCO. Using these values, we estimate the value
of the Fermi velocity vy from Equation (12.25)

vp = 10° ms™', (12.32)
which is reasonable.

The smallness of vy partly explains the high thermodynamic critical field H, of
these materials, since H, & vr.
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12.6 The Heat Capacity

We first examine the heat capacity C near the superconducting transition. Since 7
is high, the electron contribution is very small compared with the phonon contribu-
tion. The systematic studies by Fisher et al. [22] of the heat capacities of high-T,
materials (polycrystals) with and without applied magnetics fields indicate that there
is a distinct maximum near 7;.. A summary of the data is shown in Fig. 12.5. Since
materials are polycrystals with a size distribution, the maximum observed is broad.
But the data are in agreement with what is expected of a B-E condensation of free
massless bosons in 2D, a peak with no jump at 7, with the T2-law decline on the
low temperature side. Compare Fig. 12.5 with Fig. 6.2.

Loram et al. [23] extensively studied the electronic heat capacity of YBa,CuOg .
with varying oxygen concentrations. A summary of their data is shown in Fig. 12.6.
The maximum heat capacity at 7, with a shoulder on the high temperature side
can only be explained naturally from the view that the superconducting transition is
a macroscopic change of state generated by the participation of a great number of
pairons with no dissociation. The standard BCS model predicts no features above 7.

12.7 Two Energy Gaps: Quantum Tunneling
The pairon size represented by the coherence length & for YBCO is 14 A. The
density of conduction electrons that controls the screening effect is not high.

Then, the Coulomb repulsion between the constituting electrons is not negligible,
so the interaction strengths satisfy the inequalities:

Vil = U < Upp = V2. (12.33)

As a result there are rwo quasi-electron energy gaps (A1, A,) satisfying



12.7 Two Energy Gaps: Quantum Tunneling 169
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i
The ratio A; /A, and its inverse A, /A satisfy the same equations since vi; = vy

and vy, = vy;. This means that we cannot determine from Equation (12.34) alone
the question: which types of pairons have the higher energy gaps €, = €. To
answer this question, we must examine the behavior of excited pairons. At any rate
the ratio Ay /A, (or A, /Ay) varies with the ratio of the interaction strengths, vy /vy;.
This behavior is shown in Fig. 12.7. The values of the ratio A;/A, change signifi-
cantly near vy, /v;; = 1. Examining Equation (12.20), we observe that the greater
the gaps A;, the greater is the binding-energy |w;|. Hence, pairons with greater
A; are major contributors to ground-state energy. Pairons with smaller gaps €; are
easier to excite, and these come from smaller gaps with smaller A;. The situation
is thus rather complicated. In any event there are two energy gaps (€;, €2). Using
this fact we now discuss the behavior of pairon energy gaps in quantum tunneling
experiments. The appearance of the energy gaps is one of the most important signa-
tures of a superconducting state. A great number of quantum-tunneling studies have
been made [24-26]. Since cuprate superconductors are ceramics and contain many
imperfections, a wide range of scattered data were reported. The following general
features however stand out: asymmetric I-V curve for S—I-N systems, a wide scatter
of energy gaps data, and complicated conductance (dI/dV)-voltage (V)-curves. We
comment on these features separately.

12.7.1 Asymmetric I-V Curves for S—I-N

In Section 7.2 we showed that the I-V curve for a S;-I-S, (N) must in general
be asymmetric. Briefly if the bias voltage is reversed, different charge carriers are
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involved in the quantum tunneling. Since moving pairons have two energy gaps
(€1, €2), threshold energies (V;1, V;») are different, generating easily recognizable
asymmetries. (For a type I superconductor, there is a single energy gap (¢; = €)
and a single threshold voltage V; for both polarities.) In actual data for cuprate
superconductors, the difference between V;; and V;, is less than 3%, indicating

=l _ 0. (12.35)
€1

12.7.2 Scattered Data for Energy Gaps

In Section 7.3, we showed that threshold voltage V; for an S-I-N depends on the
nature of the metal N. There are two cases: a normal state superconductor and a true
normal metal like Na. The threshold voltages are then different by the factor of 3:

3V, =V,, (12.36)

which is consistent with most of the data on high-7,. superconductors. For S=YBCO,
2V, =8 ~ 10mV and 2V .(Pt) = 20 ~ 25mV. (12.37)

All experiments were done without knowledge of Equation (12.36). Therefore

no efforts were made to use different metals intentionally for N. Further systematic
experiments are required to see how well Equation (12.36) is observed.

12.7.3 Complicated I-V Curves

Energy gaps (€;, €) have a small difference. Hence pairons of both charge types
are excited, generating complicated I-V curves. In summary the data for quantum
tunnelings in high-7, superconductors show more complicated features compared
to the case of type-I superconductors. All of the features coming from two pairon
energy gaps (€1, €;) are in qualitative agreement with experiment.
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Chapter 13
Doping Dependence of 7',

The dome-shaped doping dependence of the superconducting temperature 7, in
La;_,Sr,CuOy4 (Nd;—_,Ce,CuOy4_s) is described in this chapter, based on the model
in which the O-(Cu-)Fermi surface changes by the doping. At the end of the over-
doping, where the critical temperature 7, vanishes, inversion of the Fermi surface
curvature occurs, a phenomenon which can be observed as the sign change of the
Hall coefficient. For the optimum Fermi surface (highest 7;.) the Cooper pair has a
d-wave probability density distribution. This anisotropy decreases with increasing
doping.

13.1 Introduction

The systematic studies of the critical temperature 7, in La,_,Sr,CuO,4 by Torrance
et al. [1-3] and Takagi et al. [4, 5] indicate that 7, has a maximum of 40K at con-
centration x = 0.15 and decreases on both sides in the range (0.06 < x < 0.25), see
Fig. 13.1 (a). For this compound each Cu in the copper plane (CuQy) is surrounded
by six (6) O’s, see Fig. 13.2 (a), and the conduction is p-type. In contrast each Cu
in the copper plane of Nd,_,Ce,CuO4_; is surrounded by four (4) O’s, as seen in
Fig. 13.2 (b), and the conduction is n-type [4,5]. This material exhibits a similar
doping dependence of 7, on x in the range (0.13 < x < 0.18) [4,5]. In this chapter
we show that the doping dependence of 7, can be explained based on the generalized
BCS model, see Section 12.3, which incorporates the electron energy bands and the
optical-phonon exchange interaction.

13.2 Theory

Let us, first, consider La,_,Sr,CuOy4. The parent material without dopants (Sr),
La,CuQy is an antiferromagnetic insulator with the Néel temperature Ty = 270
K, see Fig. 13.1 (a). Substitution of trivalent La by divalent Sr changes the ion-
icity in the La,O, blocks neighboring the copper plane, see Fig. 13.2 (a). Since
O’s are connected in the perovskite, this doping alters the electron density at O’s

S. Fujita et al., Quantum Theory of Conducting Matter, 173
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Fig. 13.1 (a) Phase diagrams
for Nd,_,Ce,CuQOy4_s and
La,_Sr,CuQy. (b) The
doping dependence of Hall
coefficient Ry for the two
systems, after Takagi [4, 5]
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in the copper plane, and hence the O-Fermi surface changes. This density change
adversely affects the antiferromagnetic state, and hence, the Néel temperature Ty
declines. The doping destroys the antiferromagnetic phase at x = 0.02. A further
doping changes the “hole” density and the Fermi surface so that & pairons are cre-
ated by the optical-phonon-exchange attraction, generating a superconducting state

in the x-range, 0.06 < x < 0.25.

Let us consider the copper plane, see Fig. 13.3 (a). Oxygen atoms (O) occupy
mid-points of the nearest neighbors (Cu, Cu) in the plane. The unit cell (dotted area)
is shown at the center. Observe that Cu’s line up in the [110] and [110] directions
with a period «/an while O’s line up in the [100] and [010] direction with the
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Fig. 13.2 (a) La>_, Sr,CuO,.

(b) Nd,_,Ce,CuOy4_s. Small ——O—o
black e (white o) circles
represent Cu (O) O a
La(Sr) o) O( Nd(Ce)
e (}9 )
—e |0
D) @
O
O (@)
O
Cu 7
(b)

lattice constant ag. The first Brillouin zone is shown in Fig. 13.3 (b). The compound
copper plane may contain “electrons” and “holes.” In equilibrium the “electrons,”
each having charge —e, are uniformly distributed over the sublattice of positive ions
Cu*? due to Bloch’s theorem. If the number density of “electrons” is small, then
the Fermi surface should be a small circle as shown in the central part in Fig. 13.3
(b). The “holes,” having charge +e, are uniformly distributed over the sublattice of
the negative ions O~2. If the number of “holes” is small, then the Fermi surface
should consists of the four small pockets shown in Fig. 13.3 (b). With the Fermi
surface shown, pair-creation of + pairons by the exchange of an optical phonon
can occur as indicated in Fig. 13.3 (b). Here a single-phonon exchange generates
an electron transition from A in the O-Fermi sheet to B in the Cu-Fermi sheet and
another electron transition from A’ to B’, creating the — pairon at (B, B) and the +
pairon at (A, A’). Due to momentum conservation, the momentum (magnitude) of a
phonon must be equal to & times the k-distance AB, which is approximately equal to
the momentum of an optical phonon of the smallest energy. Thus, the Fermi surface
comprising a small “electron” circle and small “hole” pockets is quite favorable for
forming a supercondensate by the optical phonon exchange. Note: the pairon for-
mation via the optical phonon exchange is anisotropic, yielding the d-wave Cooper
pairs, which will be discussed in Section 13.3.

For comparison let us consider Nd,_,Ce,CuQ,. The parent material Nd,CuQy,
see Fig. 13.2 (b), has no apical oxygen and each Cu in the copper plane is surrounded
by four O’s. Substitution of trivalent Nd by quadrivalent Ce changes the ionicity in
Nd,O, blocks. This doping changes the electron density at Cu’s, and hence, the
Cu-Fermi surface in the copper plane.

A summary of the data [4, 5] for the dependence of T, for La,_,Sr,CuQy4 on the
concentration x is shown in Fig. 13.1 (a). The dome-shaped curve can be explained
as follows. The Fermi surface at the optimum doping x(Sr) = 0.18, is shown in
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(b)

Fig. 13.3 (a) Copper plane. (b) The Fermi surface of a cuprate model has a small circle (“elec-
trons”) at the center and a set of four small pockets (‘“hole”) at the Brillouin boundary. Phonon
exchange can create the — pairon at (B, B") and the + pairon at (A, A’). The phonon must have
a momentum equal to A times the k-distance AB, which is greater than the momentum k-distance
between the “electron” circle and the “hole” pockets

Fig. 13.4 (b), which is the same figure as Fig. 13.3 (b). A further doping decreases
the electron density at O’s, and the curvature of the O-Fermi surface eventually
changes its nature from “hole”-like in Fig. 13.4 (c) to “electron”-like in (d), where no
“holes” are present. We recall that the phonon does not have a charge and hence the
phonon exchange must pair-create £ pairons having the charge + 2e. In Fig. 13.4
(d) no “holes” are present and hence no pair creation is possible. Then, the critical
temperature 7, must vanish at the end of the overdoping (x = 0.25).

The curvature sign change can be checked by observing the Hall coefficient Ry .
Experiments [4,5] show that

Ry >0 forx <0.25

Ry <0 forx > 0.25. (13.1)
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Fig. 13.4 The doping in
La,_Sr,CuQy reduces the
electron density at O’s and
hence changes the O-Fermi
surface. The Fermi surface at
optimum doping is shown in

(b). Further doping generates

a curvature-inversion of the

O-Fermi surface as shown in

(¢) — (d). The “holes”-like (a)
Fermi surface disappears in
(a) as x is reduced to 0.06

(d)

The absolute values |Ry| (~ 10~* ¢cm/C) near the inversion point x = 0.25 are
very small, and they are nearly equal to each other on both sides of this point. These
experimental data are in accord with the physical picture that the Fermi surface
is large and nearly equal in size near the inversion point as seen in Fig. 13.4 (c)
and (d), making the “electron” (“hole”) density large. We go back to Fig. 13.4
(b). Reduction of the doping increases the electron density at O’s and makes the
“hole” pocket size smaller. Eventually the “hole”-like Fermi surface disappears at
x = 0.06 as indicated in (a), where no “holes” are present and hence no pairons
can be generated. Then, the superconducting state must disappear and hence the
critical temperature vanishes. We may recall that the change in the curvature of the
Fermi surface originates in the fact that the surface must approach the Brillouin
boundary at right angles, which arises from the mirror symmetry possessed by the
CuO, lattice.

13.3 Discussion

Consider now Nd,_,Ce,CuQy4. The doping increases the “electron” density at the
Cu’s in the copper plane. The Cu-Fermi surface in the center grows and it is
“electron”-like as indicated in Fig. 13.5 (b) and (c). Further doping (increased elec-
tron density) eventually causes a curvature inversion of the Cu-Fermi surface from
“electron”-like in Fig. 13.5 (c) to “hole”-like in Fig. 13.5 (d). At x = 0.18 the
system contains “holes” only, and cannot pair-create & pairons, and hence 7, must
vanish.

Figure 13.1 shows a summary of data for both systems, indicating the correlation
between the fall of 7, and the sign change of Ry (the inversion of the Fermi surface).
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Fig. 13.5 The doping in
Nd,_,Ce,CuQy increases the
electron density at Cu’s and
hence changes the Cu-Fermi
surface. The Fermi surface at
optimum doping is shown in
(b). Further doping induces a
curvature-inversion of the
Cu-Fermi surface (¢) — (d)
as x changes from 0.13 to
0.18

Experimental observation of the sign change of Ry at the overdoping end in all
cuprates to test our theory is highly desirable.

In summary we regard the exchange of a longitudinal optical phonon between a
pair of conduction electrons in a cuprate as the cause of the superconductivity. The
acoustic phonon exchange stabilizes the pairons. The pairon moves in the copper
plane with a linear dispersion relation. Since the pairon is composed of two elec-
trons, its CM motion is bosonic. We regard the BEC temperature of moving pairons
as the superconducting temperature 7., which depends on the pairon density n( as

T, o ny’>. (13.2)

This dependence was confirmed experimentally by Zuev, Kim, and Lemberger
[6], which is an important support for our pairon BEC model. The density ng
depends on the Fermi surface of the electrons. Doping can change the electron
density at O (Cu) and the Fermi surface. The highest 7, corresponds to the greatest
pairon density. Overdoping eventually causes the curvature inversion of the Fermi
surface and leads to a vanishing superconductivity.

The susceptibility of the conduction electrons depends on the density of states
at the Fermi energy. The maximum susceptibility at the curvature inversion point
was experimentally observed, which will be discussed in the following chapter. Our
model also can account for the d-wave pairon formation with strong binding along
the a- and b-axis of the copper plane, which will be discussed in Chapter 15.
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Chapter 14
The Susceptibility in Cuprates

The unusual concentration (x) and temperature (7)) dependence of the suscep-
tibility x in La,_,Sr,CuQy is discussed in this chapter. The susceptibility x at
400 K increases with x in the range 0.04 < x < 0.25 and decreases in the range
0.25 < x < 0.33. The maximum at x = 0.25 is interpreted in terms of the curvature
inversion of the O Fermi surface. At the inflection point the density of states is
extremely high, which causes x to have a temperature behavior x = Ao + By/T
(Ao, By = constant). The Cooper pair (pairon) has no net spin, and hence its spin
contribution to x is zero. But its motion contributes diamagnetically. This gener-
ates a T-dependent contribution —B;/T (B; = constant). These two contributions
generate a y maximum at 7,, in the range 0.15 < x < 0.25.

14.1 Introduction

Takagi et al. [1], Torrance et al. [2], Terasaki et al. [3], and others studied transport
and magnetic properties of La,_,Sr,CuO4 over a wide range of concentration x
including a nonsuperconducting phase beyond the overdoped region. Remarkable
changes, in the resistivity p, the Hall coefficient Ry and the magnetic susceptibility
Xx were observed near the super-to-normal transition at x = 0.25. The susceptibility
data after Torrance et al. [2] are reproduced in Fig. 14.1. The notable features of the
data are as follows:

(a) x atx = 0.04 is nearly flat for 40K < T < 400 K. At this concentration the
material is not a superconductor.

(b) The susceptibility x at 400 K grows with increasing x in the range 0.04 <
x < 0.25 and decreases in the range 0.25 < x. The turning point x =
0.25 roughly corresponds to the concentration at which the superconducting
temperature 7, vanishes. See Fig. 14.2 (a).

(c) Intherange x > 0.25, no superconductivity is observed at any temperatures,
and yx has a T-dependence represented by

X =Ao+ By/T, Aoy, By = (positive) constants. (14.1)

S. Fujita et al., Quantum Theory of Conducting Matter, 181
DOI 10.1007/978-0-387-88211-6_14, © Springer Science+Business Media, LLC 2009
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(d)

x=A—B/T,

14 The Susceptibility in Cuprates

A, By = constants.

In the range 0.06 < x < 0.15, x has the following 7' dependence:

(14.2)

The end point x = 0.15 coincides with the highest 7, see Figs. 14.1 (a) and

14.2 (a).
(e)

In the range 0.15 < x < 0.25, x has a maximum, indicated by solid triangles

Vv in Fig. 14.1 (a), at T,,,. This T, disappears at x = 0.25, where T, vanishes,

see Fig. 14.1 (a).

The parent material La,CuQy is a cuprate of a perovskite structure. It is an anti-
ferromagnetic insulator with the Néel temperature 7y = 230 K. The substitution of
trivalent La by divalent Sr reduces the number of electrons and changes the ionicity
of the group (LaO) neighboring the copper plane (CuO,). This in turn reduces the

Fig. 14.1 Normal-state
susceptibility of
La,_,Sr,CuQy, for
increasing x, (a) increases for
0.04 < x < 0.25 and (b)
decreases for

0.25 < x < 0.33, after
Torrance et al. [2]. The solid
triangles mark the
temperatures where x is a
maximum
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14.1 Introduction

Fig. 14.2 (a) Critical
temperature 7, vs
concentration x for
La,_,Sr,CuQy4 and
Nd,_,Ce,CuQy4_s. (b) Hall
coefficient (absolute value)
|Ry| vs x, after Takagi
etal. [1]
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number of electrons in the O sublattice of the copper plane due to the perovskite
structure. Thus, the doping generates “holes” in the O Fermi surface, which can be
seen by the positive Ry, see Fig. 14.2 (b), after Takagi et al. [1], where (a) phase
diagram and (b) the doping concentration (x) dependence of Ry are shown. The

conduction electrons (“holes,

EEINT3

electrons”) in the copper plane can contribute to

the magnetization by their spins and motion. According to the elementary theories
by Pauli [4] and by Landau [5], the susceptibility x due to the electrons of high

degeneracy:

T <Tr

(Fermi temperature)

(14.3)
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is T-independent. This explains the feature (a). The rest of the features (b) through

(e) must be explained by introducing new mechanisms and/or new charge-spin
carriers.

14.2 Theory

A. The feature (a) suggests a Pauli paramagnetism:

2 2
Y = %N(GF), pp = Bohr magneton, (14.4)

where N (¢€) is the density of states per spin, and A the sample area. Note that this x
is T-independent. If we use an effective mass (m*) approximation (quasifree elec-
tron model):

1

€= i+, (14.5)
the density of states per spin in 2D is
N(e) =m*Axh>) ™!, (14.6)

which is independent of energy e.

B. At high temperatures 400 K, the Pauli paramagnetism and the Landau diamag-
netism can account for the behavior (b) as follows.

The doping in La,_,Sr,CuQO4 reduces the number of electrons in the O Fermi
sheet without changing the Cu Fermi surface at the center of the Brillouin zone, see
Fig. 14.3 (a), (b), (c), and (d). A further doping changes the nature of the O Fermi
surface from “hole-like” in (c) to “electron-like” in (d). Observe the curvature sign
change. The density of states, A/, has a maximum at the point of the curvature inver-
sion (x = 0.25). In this neighborhood y is 7-dependent, which will be explained in
the next subsection [6].

C. In the region 0.25 < x < 0.33 the Hall coefficient Ry is negative, see
Fig. 14.2 (b), indicating that the “electron” is the majority carrier in the conduction.
Assume that the density of states per spin at zero magnetic field is given by

N(e) = Ny + cpd(e — €)), o, €9 = constants. (14.7)

The density of states in an ideal 2D system is energy-independent,
see Equation (14.7), and this part is represented by Nj. By examining the changes
(¢) = (d) in Fig. 14.3, we see that A/(e) grows indefinitely at the inflection point
€ = €, and it is symmetric in the neighborhood of this point. We represented this
component by the delta-function term co§(e — €p), see Fig. 14.4.
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Fig. 14.3 The O Fermi
surface changes “hole”-like
in (¢) to “electron”-like in (d)
as the number of electrons is

reduced
(©) (d)
Fig. 14.4 The density of cA
states per spin A/ (¢€) at zero
magnetic field top of the band
€1
2D "holes"
& Co 6(8—80):
\
2D "electrons”
0

density of states _‘]\7(8)

When a magnetic field is applied, the electron energy is split, and the up-spin (+)
and down-spin (—) electrons have different energies:

€t =€, FupB=¢€,Fx, x=pupB. (14.8)
The magnetization (magnetic moment per area) [ is given by
KB KB
I =—(N,—N_)=—AN, 14.9
" (N+ ) " (14.9)

where N, (N_) is the number of up- (down-) spin electrons. The electron-number
difference AN = Ny — N_ can be read from Fig. 14.5, and is given by
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Fig. 14.5 The spin-dependent energy
density of states NV. in the I
presence of a magnetic field T no field
~spin / + spin
—p
—p
____________________________ .
\\ chemical
potential
R [
Xi
[ AR ———— el )'('1 ................
density of states vl

€1—X €1+x
AN = N+(6+)f(6+;u)d6+—/ N_(e-)f(e_spyde—,  (14.10)

—X

where f is the Fermi distribution function

flesp) = B=ksT) ", (14.11)

eBle—w 4 1°

and €, is the upper band edge, see Fig. 14.4. The spin-dependent densities of states
Nz can be related to that density of the zero-field system, N (¢), by

N+(€+) = N(€+ +x), €L > —X, (1412)
N_(e.)=N(e_ —x), €_>x, (14.13)

see Fig. 14.5. The two systems of the up-spin and the down-spin electrons are in
equilibrium, and hence they have the same chemical potential, (the dotted level in
Fig. 14.5).

Using Equations (14.11), (14.12), and (14.13) and changing the integration vari-
ables, we obtain from Equation (14.10)

AN = / N1 (e — x3 1) — fle +x: p)de. (14.14)
0

The chemical potential x entering in f must be determined from the normaliza-
tion condition

N=N;+N_ =/ lN(é)[f(e —x;p) + fle+x;p)lde, (14.15)
0

from which we clearly see that p is an even function of x. In the present model a
constant density of states N is assumed, so that u = €r.
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We now use N(¢) in Equation (14.7) and evaluate Equation (14.14). The con-
stant term N reproduces Pauli’s term in Equation (14.4). The delta-function term
generates, to the linear in B,

1
2kpT cosh?[(ey — €)/(2ksT)]

(AN)s = coupB (14.16)

Multiplying this expression by 1z A~! we obtain the magnetization 1. The sus-
ceptibility x, defined by I = x B, is given by

X = Colp 1
5" 2A kyT cosh®[(eg — €r)/(2kpT)]’

(14.17)

This result indicates that (a) if the Fermi energy € is equal to €, then x, behaves
as By/T and (b) if € is greater or less than €, this contribution becomes smaller
because of {cosh’[(eg — €r/(2kzT)]}~". Both behaviors are in good qualitative
agreement with the experimental data, see Fig. 14.1.

D. The Cooper pair has zero net spin, and hence there is no spin contribution.
Its motion in the ab plane can contribute diamagnetically to x. The system of free
pairons moving in 2D with the linear dispersion relation (12.23) undergoes a BEC
transition at

T, = 1.24 hkj'ven)?, (14.18)
where n; is the pairon density. Solving Equation (14.18) for n,, we obtain
ny = (hvp)’kyT? . (14.19)
From Fig. 14.2 (a), we see then that n, has a maximum at x = 0.15.

Each pairon with charge g in the presence of a static magnetic field moves, fol-
lowing the equation of motion

pdv de
——=q(xB), v=— ¢=Q2/mvr. (14.20)
c dt ap
The cyclotron frequency wy is
2
wy) = —|q|B. (14.21)
€

The magnitude of the magnetic moment u for a circulating pairon is

1
w = (current) x (area) = E|q|r2w0, (14.22)
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where r is the cyclotron radius. Note that the magnetic moment p is proportional to
the charge magnitude |g| and the cyclotron frequency wy.

As Landau’s treatment indicates [5], see Book 1, Section 5.3, the motional dia-
magnetism cannot be treated in terms of the classical orbits, but must be treated
quantum mechanically. We take Onsager’s quantum flux view of magnetization [7].
If a magnetic field is applied perpendicular to the ab plane, a set of flux quanta
penetrate the plane. A charged particle circulates about the flux lines, and occasion-
ally its guiding center motion is scattered by impurities, phonons,. ... The charged
particle motion always reduces the magnetic field energy [ B?/(2u0)dr. That is,
the motion diamagnetically (with a minus sign) contributes to the magnetization /.
We postulate in view of Equation (14.22) that each pairon contributes an amount
proportional to |g|wg. We then obtain

o0
J— / No(©lglon(© Fs(e; B, e, o = constant, (1423
0

where Fp is the Bose distribution function

1

Fp(e) = iy 1 (14.24)
with ), being the pairon chemical potential, normalized such that
/]\/,,(e)F(e)de =N;. (14.25)
The magnetization Ipairon is negative irrespective of whether ¢ = 2e or g = —2e.
The density of states for pairons \,,(€) is
Ae
Ny(e) = —— . 14.26
r(©) 2w h2c? ( )

Far above T, the Bose distribution function F can be approximated by the clas-
sical (Boltzmann) distribution function

Fe)=e P T » T, (14.27)

normalized in the form (14.25). Carrying out the e-integration in Equation (14.23),
we obtain

Xpairon = —m2A/ T, my=Ny/A, A =ac’q’ky', (14.28)
which establishes the second term of the desired formula (14.2), B; = n,A.

E. In the region: 0.15 < x < 0.25 there are pairons whose density (n,) decreases
with increasing x. We can express y, using Equations (14.1), (14.2), and (14.28) as
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x = A(x) + Bo(x)/T — na(x)A/T. (14.29)

At x = 0.25, n, = 0, and Equation (14.29) is reduced to Equation (14.1). At
x = 0.15, the pairon density is highest and By(x) is small since |y — €p(x)] is
not small. Then, Equation (14.29) generates a y-maximum at 7,,. Experimentally

T, = 390 K. Between the two extremes, there are x-maxima at 7,,. Numerically
T,, = 260, 150, 70, 20, and 0 at x = 0.17, 0.19, 0.21, 0.23, and 0.25.

14.3 Discussion

The susceptibility x in La,_,Sr,CuO,4 above 7, exhibits unusual concentration and
temperature dependence. The doping reduces the number of electrons in the cop-
per plane and changes the O Fermi surface. This generates “holes” in the range
0.04 < x < 0.25 and “electrons” in the range 0.25 < x < 0.33. The dividing point
x = 0.25 corresponds to the curvature inversion point of the O Fermi surface, where
the density of states, V, is greatest. Hence, the susceptibility x has a maximum. At
this inflection point the density of states A has a delta-function singularity, yielding
a T-dependent term By/T for . This term decreases in magnitude as the concen-
tration x is distanced from x = 0.25. The pairons, each having charge ¢ = 2e and
moving with the linear dispersion relation € = (2/m)p, can contribute diamagneti-
cally in the (superconductor) range 0.06 < x < 0.25. Based on the model that the
diamagnetic current is proportional to |¢| and wy (cyclotron frequency), we obtain
the term —An, /T for x, whose magnitude is greatest at x = 0.15. The two effects,
arising from the Fermi surface curvature inversion and the pairon diamagnetic cur-
rents, are significant in the range 0.15 < x < 0.25 and generate the x maximum at
T,,. Thus, all of the unusual behaviors are explained based on the model in which
pairons coexist with the conduction electrons above 7 .

Terasaki et al. [3] measured the susceptibilities (1, x|), with the field B perpen-
dicular to, and parallel to, the c-axis, in La,_, Sr,CuQy, examining xy more closely
near the optimum doping (x = 0.15), where T, is the highest. Their data for x, are
essentially similar to the data shown in Fig. 14.1. They found, see Fig. 14.6, that
x1 at x = 0.14, 0.15 is smaller than x; at x = 0.12. That is, x; has a maximum
at x = 0.12 in the range (100K < T < 200K), an anomaly which cannot be
explained if the magnetization comes from the conduction electrons only since the
“hole” density smoothly increases with x. This anomaly can be explained simply
in our model. The pairon density n, has a peak at x = 0.15. Hence, the pairon
diamagnetic contribution can make a small anomaly in the smooth increase due to
the “hole” spin.

The susceptibility of a system of moving charge carriers is relatively easy to
treat. Since the susceptibility x is an equilibrium property, no complicated scat-
tering effects go into the calculation. We only need to know charge, spin (statis-
tics), and mass (dispersion relation) of each carrier and the Fermi surface of the
conduction electrons. Thus, the measurement and analysis of x gives a clear-cut
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information about the charge and spin carriers. The spin paramagnetism, as seen
from Equation (14.13), depends on the density of states A/(¢). Near the inflection
point (x = 0.25), the Fermi surface is highly anisotropic. We predict that the sus-
ceptibility x in La,_,Sr,CuO4 measured with the field B, applied at the angle 7 /4
relative to the a axis should show anisotropy. In our calculation we assumed an
isotropic (angle-averaged) density of states in Equation (14.7). The heat capacity
C, which depends on the density of states should also show a distinct maximum at
x =0.25.

Consider now Nd,CuQy, which is a cuprate of nonperovskite structure. The sub-
stitution of trivalent Nd by quadrivalent Ce changes the ionicity of the group (NdO)
neighboring the copper plane, which in turn increases the number of electrons in the
Cu sublattice. Thus, the doping in Nd,_,Ce,CuO4_s generates “electrons” in the
Cu-Fermi sheet, which can be seen by the negative Ry, see Fig. 14.2 (b). A further
doping eventually changes the Cu Fermi surface from “electron”-like to “hole”-like.
This change occurs at x = 0.18, see Fig. 14.2 (b), which roughly corresponds to the
vanishing T, see Fig. 14.2 (a). This is due to the curvature inversion of the Cu Fermi
surface. We predict that the susceptibility x has a maximum at x = 0.18, and has
the temperature behavior x = Ao+ By/T.
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Chapter 15
d-Wave Cooper Pair

The d-wave Cooper pairs (pairons) in cuprates with strong binding along the a- and
b-axes are shown to arise from the optical-phonon exchange attraction.

15.1 Introduction

Josephson tunneling experiments in underdoped cuprates [1,2] indicate that Cooper
pairs (pairons) in cuprates are of a d-wave type with a strong binding occurring in
the a- and b-crystal axes, see Fig. 15.1. Such lattice-dependent anisotropy may be
explained by an intrinsically anisotropic optical-phonon-exchange and Fermi sur-
face, rather than any spin-dependent mechanisms.

15.2 Phonon-Exchange Attraction

The electron-pair density matrix p(k, Ko; ks, Ky, 1) = p(1, 2, 3,4, 1), in the pres-
ence of a Coulomb interaction v,, changes in time following a quantum Liouville
equation

00p(1,2;3,4,¢t
inPLEIED S (1,205, 6)p(5. 6:3.4,1)

ot ks ke
—(5,6|v.|3,4)p(1,2;5,6,1)]. (15.1)
1 1
— 2 _
(1.2]vc[3, 4) = dmeko Ve S+ ks + Oks k1 .g» ko = e

Earlier in Section 2.3 we showed that if a phonon having momentum q and
energy ho, is exchanged, the density matrix p changes following the same equation
with an effective interaction v,,

2 hay,
(1,2]ve [3,4) = [Vl @) — o2 8k ks, ks -+ ks —kq » (15.2)
q
S. Fujita et al., Quantum Theory of Conducting Matter, 193

DOI 10.1007/978-0-387-88211-6_15, © Springer Science+Business Media, LLC 2009



194 15 d-Wave Cooper Pair

Fig. 15.1 A d-wave Cooper [010]
pair with strong binding
along the a- and b-axes

[100]

where €; = ¢, is the electron energy, and V, the electron—phonon interaction
strength. We note that this result (15.2) is partially in agreement with the form of a
pairing Hamiltonian appearing in Equation (2.4) of the original BCS work [3]:

Hie =) D)

k.o K, 0/ q

hog |V, |? T

T
Cprr o /C Cko Ck'o’ - (15.3)
(Gk - 5k+q)2 . (hwq)g k'+qo’“k+qo ~ko+Ko

We examine the effect of the exchange of the phonon with momentum q and
energy hw, on p. The most important attraction occurs in the specific k-space region
near the Fermi surface where the phonon-mediated momentum transfer q is nearly
parallel to the surface so that 3 — ¢; = 0. As we see in this example, the phonon—
exchange attraction is direction-dependent. This is important for the d-wave pairon
formation discussed below.

The nature of phonon-exchange interaction v, depends on the type of phonons.
Consider first longitudinal acoustic phonons, whose dispersion relation is linear:

hwg = ¢sq . (cy = sound speed) (15.4)
If a deformation potential model [4] is assumed, the interaction strength V,, is
V, = A(h/20,)"?iqg. (A = constant) (15.5)
Using Equations (15.4) and (15.5), we obtain

v, 2 finy oA (15.6)
" (&3 — €)? — (hay)? 22— '
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for the dominant attraction at 0K (e3 — ¢; = 0), showing that phonons of any

wavelengths are equally effective. For optical phonons whose dispersion relation is
given by

hwy = € (constant), (15.7)

we obtain

haw, A%R? 2

V,I* ~— ,
Vol (G —e? — Gy 2c2 1

(15.8)

indicating that optical phonons of shorter wavelengths (greater ¢) are more effective.
The wavelength A = 2w /g of a phonon has a lower bound 2ay, ap = the lattice
constant, yielding a shorter interaction range compared with the case of an acoustic
phonon exchange. The ratio of the rhs of Equations (15.8) and (15.6), c2¢* /€3, is of
the order unity for the maximum gn.x = 7/ag. Hence the short-wavelength optical
phonon exchange is as effective as the acoustic phonon exchange. The optical-
phonon exchange pairing becomes weaker for longer wavelengths (small ¢).

15.3 d-Wave Pairon Formalism

Let us consider the copper plane. Linear arrays of O-O and Cu-O-Cu alternate in
the [100] and [010] directions, see Fig. 13.2 (a). Thus we recognize longitudinal
optical modes of oscillations along the a- and b-axes. Now let us look at the motion
of an “electron” wave packet extending over unit cells. If the “electron” density is
small, the Fermi surface should be a small circle as shown in the central part in
Fig. 13.3 (a). Next consider a “hole” wave packet. If the “hole” density is small, the
Fermi surface should consist of four small pockets near the Brillouin zone corners as
shown in Fig. 13.3 (b). Under the assumption of such a Fermi surface, pair creation
of &+ pairons by means of an optical phonon exchange can occur as shown in the
figure. Here a single-phonon exchange generates the electron transition from A in
the O-Fermi sheet to B in the Cu-Fermi sheet and the electron transition from A’ to
B’, creating the — pairon at (B, B’) and the + pairon at (A, A”). The optical phonon
having momentum q nearly parallel to the a-axis is exchanged here. Likewise, the
optical phonon with a momentum nearly along the b-axis helps create + pairons.
But because of the location of the Fermi surface, there is no pairon formation in
the direction [110] and [110]. Consequently the pairon is of a d-wave type with the
dominant attraction along the a- and b-axes, see Fig. 15.1.

If the doping is increased, the O-Fermi surface grows as shown in Fig. 13.4 (b),
(c) and (d). Then, The anisotropy decreases and the pairon becomes less anisotropic.
At the end of the overdoping, the O-Fermi surface undergoes a curvature inversion
as in Fig. 13.4 (¢) and (d). Near the inflection point, the pairon is isotropic and
s-wave type.
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A direct way of mapping a 2D Fermi surface is to perform an angle-resolved
photo-emission spectroscopy (ARPES) [5, 6]. It would be highly desirable to see
the curvature inversion by this technique.

15.4 Discussion

The attraction generated by the optical-phonon exchange is intrinsically anisotropic.
Because of the location of the Fermi surface in the optimum and underdoped cuprate
the exchange of an optical longitudinal phonon generates a d-wave Cooper pair with
the dominant attraction in the directions [110] and [110]. Our model predicts that the
d-wave character will be lost in the extremely overdoped sample, which is observed
in the experiments.
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Chapter 16
Transport Properties Above T .

Magnetotransport properties in Nd,_,Ce,CuQy, and La,_, Sr,CuO, above T, show
unusual behaviors with respect to the temperature (7')-and doping concentration
(x)-dependence. The resistivity p in optimum (highest 7;) samples shows a T -linear
behavior while that in highly overdoped samples exhibits a T-quadratic behavior.
The cotfy, where 6y is the Hall angle, shows a T-quadratic behavior. The Hall
coefficient Ry changes the sign as the concentration x passes the super-to-normal
phase. We shall explain these properties based on the independent pairon model in
which =+ pairons and conduction electrons are carriers in the superconductor.

16.1 Introduction

A summary of data for the resistivity p in various cuprates at optimum doping after
Iye [1] is shown as solid lines in Fig. 16.1. The T-linear behavior:

pxT (16.1)

has been observed ever since the discovery of the first HTSC by Bednorz and Miiller
[2]. Data for p in highly overdoped samples are shown in dotted lines; they show a
T -quadratic behavior. The cot 6y, where 6 is the Hall angle, follows a T-quadratic
behavior

cotfy o T2. (16.2)

Data for the Hall coefficient Ry in Nd,_,Ce,CuQOy, and La,_,Sr,CuQO, versus
the “electron” (“hole”) - concentration are shown in Fig. 16.2 (b) [3-6]. Note that
the sign changes in Ry at the end of the overdoping region (dash-dot lines). Also
note that the magnitude of the Hall coefficient |Ry| is smaller for higher T and
for greater x in superconductor samples. These data clearly indicate that at least
two (charge) carriers contribute to the electrical conduction. We shall show that
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Fig. 16.1 Resistivity in the
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the unusual magnetotransport properties can quantitatively be explained based on a
two-carrier model, in which fermionic electrons and bosonic pairons are scattered
by phonons.

16.2 Simple Kinetic Theory

16.2.1 Resistivity

We use simple kinetic theory to describe the transport properties [7]. Kinetic theory
originally was developed for a dilute gas. Since a conductor is far from being the
gas, we shall discuss the applicability of kinetic theory. The Bloch wave packet in a
crystal lattice extends over one unit cell or more, and the lattice-ion force averaged
over a unit cell vanishes, see Book 1, Equation (10.12). Hence the conduction elec-
tron (“electron,” “hole”) runs straight and changes direction if it hits an impurity or
phonon (wave packet). The electron—electron collision conserves the net momen-
tum, and hence, its contribution to the conductivity is zero. Upon the application of
a magnetic field, the system develops a Hall electric field so as to balance out the
Lorentz magnetic force on the average, see Fig. 16.3. Thus, the electron still moves
straight and is scattered by impurities and phonons, which makes the kinetic theory
applicable.

Consider a system of “holes,” each having effective mass m; and charge +e,
scattered by phonons. Assume a weak electric field E applied along the x-axis.
Newton’s equation of motion for the “hole” with the neglect of the scattering is
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Fig. 16.2 (a) Phase diagrams
for Nd,_, Ce,Cuoy, and
La,_, Sr,CuOy. (b) Doping
dependence of Hall
coefficient Ry, after
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mydv, /dt = eE. Solving it for v, and assuming that the acceleration persists in the

mean free time 7;, we obtain

eE
Vg =—T
mi

(16.3)

for the drift velocity v,;. The current density (x-component) j is

62
j=envg=—nnkE,
mi

(16.4)
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Fig. 16.3 (a) The magnetic J j
and electric forces (Fg, Fg) B
balance out to zero in the Hall Ey
effect measurement. (b) The
Hall angle 6y
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where n; is the “hole” density. Assuming Ohm’s law: j = o E, we obtain an ex-
pression for the electrical conductivity:

e? 1
o) = —n—, (165)
mp

where y; = v~/ is the scattering rate. This rate can be computed, using
Y1 = NppUpS) (16.6)

where S is the scattering diameter. If acoustic phonons having average energies:
(hwq) = aphwp <K kT, ag ~ 0.20 are assumed, the phonon number density is [8]

kgT
“aohwp’

o = nalexpaoghop/kpT) — 117" ~n (16.7)

where n, = (2m)7? f d’k is the small k-space area where the acoustic phonons are
located.
Using Equations (16.5), (16.6), and (16.7), we obtain

ae*n, aohwp
, a
T

o = (16.8)

namlkaFS]

Thus, the resistivity p (conductivity o) is (inversely) proportional to 7.

Let us now consider a system of +pairons, each having charge +2¢ and mov-
ing with the linear dispersion relation: ¢ = cp. Since v, = (de/dp)(dp/dpy)
= c(p./p), Newton’s equation of motion is

p dv, € dv,
cdt 2 dt

=2eE, (16.9)
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yielding v, = 2e(c?/€)Et + initial velocity. After averaging over the angles, we
obtain

v = 2ec?n,E (€71, (16.10)

where 1, is the pairon mean free time and the angular brackets denote a thermal
average. Using this and Ohm’s law, we obtain

= Qe cle Ymy, ', =yl (16.11)

where n, is the pairon density. If we assume a Boltzmann distribution for bosonic
pairons above T,, (T > T.), we obtain

B 2 o 1 g
€ 1>E(2nh)2/0 dp et

7_[ [o¢]
O h)Z/ dp peB? = (kyT)™'.  (16.12)

The rate y, is calculated with the assumption of a phonon scattering. We then
obtain

4 2¢%b 8 aph
o 2O 2ebmy 8 aohwpyr (16.13)
kBTyz T? 2 nakBSZ
The total conductivity o is o7 + 0». Taking the inverse of o, we obtain
_ I’ (16.14)
P=G= eX(am T + 2bny)’ ’

16.2.2 Hall Coefficient

We take a rectangular sample having only “holes,” see Fig. 16.3 (a). The current j
runs in the z-direction. Experiments show that if a magnetic field B is applied in the
y-direction, the sample develops a Hall electric field Ey so that the magnetic force
Fp = e(v,; x B) be balanced out to zero:

e(Eg +vyxB)=0 or Ey = —vB. (16.15)
If the sample contains +pairons only, Equation (16.15) also holds. Since the
“hole” and the + pairon have like charges (e, 2e) the two components (“holes,”

+pairons) separately maintain drift velocities (vd Ny )) and Hall fields (E (1), E (2))
so that

EY = B, ji=1,2. (16.16)
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The total Hall field Ey is
Ey=EY +EY. (16.17)

Let us check the validity of this equation. Equations (16.16) and (16.17) are re-
duced to the familiar one-component equations if either component is absent and
also if the two components are assumed identical. This means that Equation (16.17)
is valid. If carriers have unlike charges, e.g., £-e, then, Equation (16.17) is not valid.

The negative signs in Equation (16.16) mean that the Hall electric force Fy =
eEy opposes the Lorentz-magnetic force F. In the present geometry the induced
field Ey for the “holes” points in the positive x-direction. We take the usual con-
vention that E5 is measured relative to this direction.

The Hall coefficient Ry is defined and calculated as

Ry = En _ vfll) + véz) _ aT +b (16.18)
JB enlvy) + Zenzvf) e(am T + 2bn,)

where Equations (16.3) and (16.10) were used. Formula (16.18) is obtained with the
assumption that the carriers have like charges.

16.2.3 Hall Angle

The Hall angle 6y is the angle between the current (vector) j and the combined
field (vector) E + Ep, see Fig. 16.3 (b). This angle 6y is very small under normal
experimental conditions. We now consider

E E 0
cotly = — =— = ,
EH UdB BRH

(16.19)

where we used Equations (16.15) and (16.18). Using Equations (16.14) and (16.18),
we obtain

TZ

cotfy =

Formulas (16.14), (16.18), and (16.20) for p, Ry and cot 6y, respectively, will
be used for data analysis in the following section.

16.3 Data Analysis

A summary of the data for cotfy in YBa,Cuz_,Zn,O7_;s [8] is shown in Fig. 16.4.
The doped divalent Zn substitute for divalent Cu, and the doping, therefore, intro-
duces additional scatterers in the copper plane. The data may be represented by
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cotfy = al? + C(x), o = constant, (16.21)
Cx)—0 as x — 0. (16.22)

The term C(x) (> 0) in Equation (16.21) can be regarded as the impurity (Zn)
scattering contribution. Thus, Matthiessen’s rule holds.
From now on we consider the undoped sample (x = 0, C = 0):

cotfy = aT?>. (16.23)
This T-quadratic behavior can be obtained from formula (16.20) if

aT vfll) 7% S, kgT
—_— == ——=—— 1, 16.24
b UL(IZ) 16 S1 €r < ( )

which is reasonable since T & Tr = €p/kp. Physically from Equation (16.9)
low-energy pairons are accelerated strongly in proportion to €', and hence v(;z)

dominates vfll) , causing the strong inequality (16.24).
Consider now the T -linear law for as expressed in Equation (16.1). This behavior

can be obtained from formula (16.14) if

an T > 2bns, (16.25)
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which is reasonable since the “hole” density n; is much greater than the pairon
density n,. Assuming inequality (16.24), we obtain from (16.18)

b

Ry~ —M . 16.26
" e(an|T + 2bny) ( )

The “hole” density n; monotonically increases with increasing x (x < 0.25) while
the pairon density, calculated from Equation (12.22),

2

_ kg o
na = 0.65 2T (16.27)
Vf

has a dome-shaped maximum in the superconductor phase: (0.05 < x < 0.25), see
Fig. 16.2 (a). The critical temperature 7, is a simple function of the pairon density
ny and the Fermi speed vy. We may use this relation to make a numerical estimate
of n,. Experiments indicate that 7, = 40 K, & (coherence length) = 30 A, x = 0.15.
Using these data, we obtain 75 g = 2.3 x 10" cm™2, vy = 8.8 x 10° cm sec™!,
which are reasonable. Experiments show that Ry decrease significantly in the range
(0.06 < x < 0.25), see Fig. 16.2 (b). This behavior arises from the pairon term
2bn, in the denominator in Equation (16.26). To see the temperature behavior more
explicitly, we assume the two inequalities (16.24) and (16.25). We then obtain from
Equation (16.26)

b . 16S1€F 1
enjaT ~— 728kpT en;’

Ry ~ (16.28)

indicating that Ry is smaller if T is high and if n; is high, in good agreement with
the experimental date, see Fig. 16.2 (b).

Let us now consider the overdoped sample. As noted earlier, the Hall coefficient
Ry in Lay_,Sr,CuO4 changes sign at the end the overdoping (x = 0.25), which
coincides with vanishing 7. We interpret this change in terms of the curvature in-
version of the O-Fermi surface: (¢c) — (b) in Fig. 13.4. Near the inflexion point the
Fermi surface becomes large and hence the “hole” (or “electron”) density is high.
Hence |Ry| should have a minimum (10~* cm?/C). If we use |Ry| = (ne)”!,
we obtain 7 . = 10?* cm™3, a remarkably high electron density comparable to
that in silver (Ag). Near the inflexion point, the Fermi surface is large and its shape
changes significantly with the energy, meaning that the density of states is very high
and the “hole” effective mass m is extremely large. Then the “hole” contribution to
o (0] & mfl <« 07) becomes negligible. Hence the pairon contribution yields

Lo T (16.29)
p= oy 2e%bny’ ’

Thus, the 72-law behavior in highly overdoped sample, La; 79Sr(30CuQy, see
Fig. 16.1, is explained.
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16.4 Discussion

The unusual magnetotransport in La,_, Sr, CuQy is explained based on the model in
which “holes” and + pairons are carriers that are scattered by phonons. We note that
no adjustable parameters were introduced in the theory.

Because of the non-perovskite structure, the substitution of trivalent Nd by
quadrivalent Ce increases the electron density at Cu in the copper plane. Hence, the
doping in Nd,_,Ce, CuO4_s changes the electron density and the Cu-Fermi surface.
The phase diagram in Fig. 16.2 (a) shows that T, falls to zero as x approaches 0.17
from below, where Ry changes the sign. This behavior can be interpreted in terms
of the curvature inversion of the Cu-Fermi surface occurring in the reversed sense,
see Fig. 13.5. This is corroborated by the T2-law resistivity in highly overdoped
sample Nd; 34Ceq 16CuQy, see Fig. 16.1, indicating that the “electrons” move as
heavy- fermions and do not contribute much to the conduction, and hence the
pairon contribution generates the T-quadratic behavior, see Equation (16.29)

Parent materials (x = 0) of La,_,Sr,CuQy, and Nd,_,Ce,CuQy, are antiferro-
magnetic insulators at 0 K, see the phase diagram in Fig. 16.2 (a). First, consider
Lay_,Sr,CuOy. If the electrons at O-sites are taken away by doping, “holes” are
created and the “hole” density initially increases. This density increase adversely
affects the antiferromagnetic state, and hence the Néel temperature T declines. The
doping destroys the antiferromagnetic phase at x = 0.02. A further doping changes
the “hole” density and the O-Fermi surface so that & pairons are created by optical-
phonon-exchange attraction, generating a superconducting state (0.06 < x < 0.25).
The doping eventually causes the curvature inversion of the O-Fermi surface, which
terminates the superconducting phase (x = 0.25).

Second, consider Nd,_,Ce,CuQ,. The doping increases the electron density at
Cu, which adversely affects the antiferromagnetic state and the Néel temperature Ty
therefore decreases. A further doping makes the Cu-Fermi surface to grow so that
=+ pairons are generated by phonon-exchange, generating a supercoducting state
(0.13 < x < 0.17). From the diagram we observe that

Ty > T. (16.30)

meaning that the exchange energy is greater than the pairon binding energy |wy|.
This explains the suppression of the underdoping part of the otherwise dome-shaped
T, curve as observed in La,_, Sr,CuOy. Near the phase change point (x = 0.13) the
antiferromagnetic and superconducting tendencies compete with each other.
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Chapter 17
Other Theories

Since the discovery of a superconducting mercury in 1911 by Kamerlingh Onnes
[1] a number of important theories have been developed. Our microscopic theory
is guided by these theories. We shall briefly describe connections between these
and ours.

17.1 Gorter—Cassimir’s Two Fluid Model

In 1933 based on the analysis of the heat capacity data Gorter and Cassimir [2]
proposed a two-fluid model: the superfluid bears the resistanceless motion, and
the normal fluid behaves as a normal (electron) liquid. The model has been rec-
ognized to fully apply to the superconductor below T.. It is a phenomenological
theory without specifying what particles are responsible for the superfluid motion.
It is widely said (and thought) that the super part originates in the superconducting
(super) electrons, which is confusing. In our theory the super part is identified as the
supercondensate composed of bosonically condensed pairons while the normal part
arises from all other particles including non-condensed pairons, quasi-electrons and
vortex lines.

The two-fluid model also fully applies to the superfluid helium, liquid He II [3,4].
The superfluid (frictionless fluid) arises from bosonically condensed He*.

17.2 London-London’s Theory

In 1933 Meissner and Ochsenfeld [5] discovered that the superconductor expels the
applied weak magnetic field from its interior. This behavior cannot be derived from
the resistanceless current, and hence it is a major property of the superconductor
below T,.

In 1935 the London brothers [6, 7], based on the Londons’ equation,

js = —AuA, Ay = m 'ny, (17.1)
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208 17 Transport Properties Above T,
where n; is the superparticle density, m the electron mass, and Maxwell’s equations,

predicted that the magnetic field B does not abruptly vanish at the boundary, but it
penetrates the sample a short distance A, called a penetration depth, represented by

*

Co m
ALondon = —
e \4mng

1/2
) , co = light speed. (17.2)

This prediction was later experimentally confirmed, which established the tra-
dition that electromagnetism can, and must, be applied to the superconductor. The
magnitude of the experimental penetration depth A at the lowest temperatures is
about 500 A.

In the present theory the supercurrent arises from the motion of the condensed
pairons. From this viewpoint we derived the revised London equation, see Equation
(9.35) 8]

Bs = —ApaironA,  Apairon = 26 n0(c1 + ) p7Y, (17.3)

where p is the momentum (magnitude) of the pairon and ¢; = vf;j) /2(3D), (2/ n)v}j)
(2D). The revised penetration depth X is

A = (co/e) {p/[8kono(cr + c)l}'/2. (17.4)

The condensed pairon density nq vanishes at 7,, and hence A tends to co like
ny 2 a5 the temperature approaches 7.. Formula (17.4) contains no adjustable
parameters, and hence can be used to determine (p, ng).

Londons introduced a macrowavefunction of a running wave type to represent
the supercurrent. The phase of this function is considered to be perturbed neither by
small defects nor by small electric fields. This property is often called the London
rigidity. The macrowavefunction is identified as a quasiwavefunction W(r) in the
present theory, representing the state of the supercondensate. The rigidity arises
from the fact that the change in the many-pairon quantum state requires a redistri-
bution of a large number of pairons, and that the supercondensate composed of equal
numbers of =+ pairons is neutral and hence it is not subject to an external electric
force.

17.3 Ginzburg-Landau Theory

In 1950 Ginzburg and Landau [9] introduced a revolutionary idea that the supercon-
ductor below T, possesses a complex order parameter, called a GL wavefunction
W, just as a ferromagnet has a real order parameter (spontaneous magnetization).
Based on general thermodynamic arguments GL obtained the two equations:
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1

2—| —ihV — gAPV'(r) + oW/ (r) + BV (r)*¥'(r) = 0, (17.5)
m

. h 2
j= - pryw —wvw — L _prega (17.6)
2m* 2m*

where m* and ¢ are the mass and charge of a superelectron. With the density condi-
tion:

P (r)W'(r) = ny(r) = superelectron density, 17.7)

Equation (17.6) for the current density j in the homogeneous limit (VW' = 0) is
reduced to London’s equation (17.1). The GL equations are quantum mechanical
and nonlinear. The most remarkable results of the GL theory are the introduction
of the concept of a coherence length [9] and Abrikosov’s prediction of a vortex
structure in a type II superconductor [10], later confirmed by experiments [11].

We derived the GL equation (17.5) from first principles based on the idea that the
supercurrent arises from the motion of the condensed pairons. The GL wavefunction
W’ can be identified as

Y (r) = (r|n'?|o), (17.8)

where o denotes the condensed (momentum) state, and » the pairon density opera-
tor. The density condition (17.7) is replaced by

|\If/(r)}2 = n,(r) = condensed pairon density. (17.9)

The parameter o (< 0) in Equation (17.5) can be interpreted as the pairon con-
densation energy, and the parameter 8 (> 0) represents the repulsive interpairon
interaction strength [8]. The homogeneous solution of Equation (17.5) yields a re-
markable result that the 7-dependent condensed pairon density no(7T) is propor-
tional to the pairon energy gap €,(T), see Section 17.6.

17.4 Electron—-Phonon Interaction

In 1950 Frohlich [12,13] developed a theory of superconductivity based on the idea
that the electron—phonon interaction is the cause of the (type I) superconductivity. At
about the same time the critical temperature 7, was found to depend on the isotopic
ion mass [14, 15], which supported Frohlich’s idea.

There are no real phonons at 0 K. The exchange of a virtual phonon between
two electrons can generate an attraction just as the exchange of a virtual pion be-
tween two nucleons generates an attractive nuclear force in Yukawa’s model [16].
The treatment of such exchange force requires a second quantization formulation.
This theory, distinct from the Schrodinger wavefunction formalism, allows one
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to describe processes in which the number of particles is not conserved, e.g., the
creation of an “electron”-“hole” pair and the pair creation of + pairons.

The Hamiltonian Hf representing the electron-(longitudinal) phonon interaction
takes the form:

1 4 '
Hp = 5 Xk:;(vqcllprqckaq +h.C.), Vq = Aq(h/zwq)l/zlq, (1710)

called the Frohlich Hamiltonian. Using this and quantum perturbation method, we
obtain the effective phonon exchange interaction [17]:

ha,

[V, |? (17.11)

9
(€k,+q — €K)* — P

which is negative (attractive) if the electron energy difference before and after the
transition |ex, +.q — €, | is less than the phonon energy Aw, . The attraction is greatest
when the phonon momentum q is parallel to the constant-energy (Fermi) surface.

17.5 The Cooper Pair

In 1956 Cooper [18] showed that the attraction, however weak, may bind a pair of
electrons above the Fermi see. He started with Cooper’s equation:

wga(k, q) = [e([k + q/2]) + (| =k + q/2])]a(k, q)

1 ' ’ /
—WUQ/ d’k'a(K, q), (17.12)

where wy, is the energy of a pairon, a(k, q) the wavefunction and v the attractive
interaction strength. The solution of Equation (17.12) for small momenta ¢ yields:

_ —Zh(,()D
~exp[2/voN(0)] — 1

wy = wo +cq < 0, wo (17.13)

where c¢/vp is 1/2 (2/m) for 3 (2) D.

17.6 BCS Theory

In 1957 Bardeen, Cooper and Schrieffer (BCS) [19] published an epoch-making the-
ory of superconductivity, which is regarded as one of the most important theoretical
works in the 20th Century. Starting with the BCS Hamiltonian H containing the ki-
netic energies of “electrons” and “holes” and a pairing interaction Hamiltonian, and
using the minimum energy principle calculation with the guessed trial ground-state
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ket, they showed that the ground state energy W of the BCS system is lower than
that of the Bloch system without the pairing interaction:

W = Nowy < O, (17.14)
No = hwpN(0), (17.15)

where N(0) is the density of states at the Fermi energy. The minimum energy con-
dition can be expressed in terms of the energy gap equation:

/ A
D3 0716
k k
E,({j) = (621)2 + A(j)2)1/2 (17.17)

where AY) is the quasi-electron energy gap, E,((" ) the energy of the quasi-electron,
and j = 1 (2) for the “electron” ( “hole” ).

BCS extended their theory to a finite temperature, and obtained the temperature
dependent energy gap equations. In the bulk limit the BCS gap equation is

(17.18)

hop 2 21172
1=v0./\/(0)/ L, h[(e +49 ]
0

d
@ a2 T 2T

This gap A is temperature-dependent. The limit temperature 7, at which A van-
ishes, is given by

th 1
1 = vy N (0) de : tanh |:
0

€
. 17.1
2kBTc:| (1719

In the weak coupling limit the critical temperature 7, is given by

kpT, ~ 1.13ha)Dexp[ (17.20)

1
vV (0) ] ’

Formulas (17.15) and (17.20) represent two of the most important results of the
BCS theory. The formula (17.15) for the ground state energy can be interpreted as
follows: The greatest total number of pairons generated consistent with the BCS
Hamiltonian is equal to hwpN'(0) = N,. Each pairon contributes a binding en-
ergy |wgl|. The existence of the pairons below 7. was directly confirmed in the
flux quantization experiments [20-23] in 1961, which showed that the carrier in
the supercurrent has the charge (magnitude) 2e.

The nature of the BCS results is quite remarkable. The starting Hamiltonian H
and the trial ground-state | W) are both expressed in terms of pairon operators (b, b').
But only quasi-electron variables appear in the energy gap equation, which is the
minimum-energy condition. Hence, it is impossible to guess even the existence of
the gap A in the excitation energy spectrum Ej = (¢} + A%)!/2.
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In the present text we recalculated the ground-state energy Wy, using the equation-
of-motion method, and confirmed that formula (17.15) is the exact expression for
the ground-state energy of the BCS system.

BCS assumed a Hamiltonian containing “electrons” and “holes” with a free elec-
tron model. The reason why only some, and not all, metals are superconductors
was unexplained. To answer this question we must incorporate the Fermi surface of
electrons in the theory. “Electrons” ( “holes” ) are excited near the Fermi surface
whose local principal curvatures are negative (positive). The reduced generalized
BCS Hamiltonian written in terms of “electron” (1) and “hole” (2) variables is

Hy = Z Zeél)n&) + Z 26(2) (2) Z Z [v b(l)’r (1)

+ vy b(mb(zﬁ 21b{(1)b1(<2') + vzzbf)bf’)T] ’ a7.21)
B0 =B, 2 =2, (17.22)

where the primes on the last summation symbols indicate the restriction that

(2) —

0<e’ =6, e =lal < hop. (17.23)

The first interaction term —vnbf(l,”bl((l) generates an attractive (negative sign)
transition of the electron pair from (k 1, —k |) to (k" 1, =K’ |). The Coulomb
interaction generates a repulsive transition. The effect of this interaction is included
in the strength v;;. Similarly, the exchange of a phonon induces an attractive transi-
tion between the “hole”-pair states, and it is represented by the term in — vzzb(z) b(m.
The exchange of a phonon can also pair-create [pair-annihilate] + pairons, and the
effects of these processes are represented by —vlzbl((l,ﬁbfﬁ, [—UZIbE)bS)]. If the
Fermi surface is such that both “electrons” and “holes” are generated, the pairing
interaction —vlgbf(l/ﬁb](f)T can generate &+ pairons in equal numbers. Thus, we can
discuss how the =+ pairons are created in the system having a favorable Fermi sur-
face.

The quasi-electron energy gap A(T") obtained as the solution of Equation (17.18)
depends on the temperature 7. It is greatest at 0 K and monotonically decreases
and vanishes at 7. Photo-absorption [24,25] and quantum tunneling experiments
[26-28] indicate the existence of an energy gap €,(T"), which depends on tempera-
ture. It was generally thought that the experimental gap €,(T") represents the quasi-
electron gap A(T'). But this interpretation has a difficulty. The gap A appears in the
quasi-electron energy: E; = (¢} + A?)!/2, indicating that the quasi-electrons have
the minimum excitation energy A relative to the Fermi energy. But the Fermi surface
is blurred in the superconducting state [29], and hence the photo-absorption experi-
ment is unlikely to detect the gap A. Our calculations show that the moving pairons
have an energy gap ¢, relative to the condensed stationary pairon energy level. This
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gap €,(T'), which is T-dependent, and not the quasi-electron gap A(T'), can be de-
tected directly in the photo-absorption and quantum tunneling experiments.

17.7 Bose-Einstein Condensation

Liquid He II and superconductors show remarkable similarities. London empha-
sized this fact in his well-known books [3, 4], and proposed to explain both su-
perfluidity and superconductivity from the BEC point of view. If a system of free
bosons with mass M is considered, the critical temperature 7, for 3D is [30]

T. =331 1Pkz' M~ 'n?/3, (17.24)

where n is the boson density. If we use the mass density of the liquid helium
n = 0.145 g cm™3, we find from Equation (17.24) that 7, = 3.14 K, which is
very close to the observed superfluid transition temperature 2.18 K. This and other
calculations led to a general consensus that the helium superfluidity is due to the
BEC of weakly interacting He*. Now consider the case of superconductivity. If we
assume 2m,, for the bosonic mass M and use the experimental 7, = 7.19 K for
lead, the interboson distance ry = n~'/? calculated from Equation (17.24) is on
the order of 10™* cm far greater than the lattice constant of the order 10~ cm,
meaning an apparent overlapping of the electron-pairs. Attempts to overcome this
difficulty [31-33] have been largely unsuccessful. Because of this the BCS model
without consideration of the bosonic nature of the pairons has been the dominant
theory of the elemental superconductors.

In the present theory we solved the Cooper equation (17.12) and obtain the linear
dispersion relation. Using € = (1/2)vr p and assuming free bosons moving in 3D,
we obtain [34]

T, = 1.01 hkg'veng)”. (17.25)

Note that no mass appear in this expression. The pairon size can be estimated by
the BCS zero-temperature coherence length

£y = hop/mA = 0.18 hvp/kpT.. (17.26)

After solving Equation (17.25) for ny and introducing the interpairon distance

1/3

ro =ng '”, we obtain

ro=ny'? = 1.01 hop/kpT, = 5.61 &, (17.27)
indicating that the interpairon distance rq is several times greater than the pairon

size &. Thus, the B-E condensation occurs before the picture of free pairons breaks
down.
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The system of free pairons moving in 2D with the linear relation € = (2/m)vgp
(the model system for a high 7, cuprate) undergoes a B-E condensation at

T, = 1.24 bk veny). (17.28)

The condensation of massless bosons in 2D is noteworthy. Hohenberg showed [35]
that there can be no long-range order in 2D, which is derived with the assumption of
an f-sum rule representing the mass conservation law. Hohenberg’s theorem does
not apply for massless bosons.

17.8 Josephson Theory

In 1962 Josephson [36,37] predicted a supercurrent tunneling through a small bar-
rier (Josephson junction) with no energy loss. Shortly thereafter, Anderson and
Rowell [38] experimentally demonstrated this Josephson tunneling. Josephson ar-
gued [36,37] that if a static voltage V is applied to the superconductor containing a
Josephson junction, the current / is controlled by two equations:

I = Iysind, (17.29)

ds
h— =2eV, 17.30
dt ¢ ( )

where § is the phase difference across the junction. Note that these equations predict
a quite different behavior from the classical ohmic behavior: I o V. The correct-
ness of these equations is confirmed by numerous later experiments. Mercereau and
his collaborators [39] demonstrated the Josephson interference in a SQUID. Two
supercurrents separated up to 1 mm can interfere just as two laser beams from the
same source. This effect comes from the self-focusing power shared by these two
fluxes (supercurrent and laser), meaning that the pairons move as bosons with the
linear dispersion relation:

€ =cp, ¢ = pairon speed. (17.31)

The interference pattern can quantitatively be calculated, starting with Equations
(17.29) and (17.30). Feynman [40,41] derived these equations, using the quantum
mechanical equation of motion and assuming that the pairons move as bosons. The
Josephson effect established the tradition that both fermionic and bosonic properties
of the pairons must be used for the total description of the superconductivity. Equa-
tions (17.29) and (17.30) indicate that the static voltage V generates an oscillatory
supercurrent with the Josephson frequency

wy =2eVh . (17.32)

If a microwave with the matching frequency: w ~ wj is applied, a series of steps
in the V-1 curve were observed by Shapiro [42]. The oscillatory supercurrent is in
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accord with our pictures that the supercurrent is caused by the motion of the neutral
supercondensate composed of equal numbers of =+ pairons.

17.9 High Temperature Superconductors

In 1986 Bednorz and Muller [43] reported the first discovery of the high-7, cuprate
superconductor (LaBaCuO, 7. > 30 K). In 1987 Chu, Wu and others [44] discov-
ered YBCO with 7, ~ 94 K. This is a major development.

The compound Nb3;Ge has 7, = 23 K. The BCS theory [19] and subsequent
theoretical developments [45,46] predicted the highest 7, of about 25 K. A great
number of theoretical investigations followed, re-examining the foundations of the
BCS theory and developing new theories [47-52].

Mott and his collaborators [53—55] proposed a bi-polaron (boson) model to treat
high-T, cuprates. Lee and his group [56] developed a virtual boson model, and their
calculations of 7, based on massive bosons are quite complicated. In contrast we
obtained a BEC temperature 7, = 1.24 hk;l v pn(l)/ ? for the system of free bosons
moving with the linear dispersion (17.13) in 2D.

The simplest cuprate superconductors are La,_, Sr,CuO4 and Nd,_,Ce,Cu Oy4_;.
The parents La,CuO4 and Nd,CuO, are both antiferromagnetic insulators. Un-
der doping they become superconductors in some concentration ranges. To under-
stand both antiferromagnetic and superconducting phases a spin-dependent theory
is required. Anderson stressed the importance of understanding the normal-state
magnetotransport in cuprates and proposed a spin-dependent resonating valence
bond (RVB) model [57]. A variety of other theories are proposed, starting with
spin-dependent model Hamiltonians including the d-p model [58—60], the Hubbard
model [61,62], the t-] model [63].

The superconducting transition is a condensation in the k-space distinct from the
magnetic transition in the spin angular momentum space. The momentum 7k repre-
sents the state of the pairons, while the spin refers to the state of the lattice-ion core
electron. Hence the electron dynamics and spin motion are weakly coupled. This is
experimentally supported by the existence of the two critical temperatures, the anti-
ferromagnetic and superconducting temperatures (Ty, 7). We take the view that the
superconductivity in the cuprates can be developed based on the spin-independent
generalized BCS model. Our mathematical treatment is simple. We obtained exact
expressions for the ground-state energy and the superconducting temperature 7. In
contrast the spin-dependent problems are hard to solve. No exact solutions for the
ground-state and the critical temperature have yet been found. Onsager’s solution of
the 2D Ising model [64] is a notable exception.

17.10 Quantum Hall Effect

Experimental data by Willett et al. [65, 66] reproduced in Fig. 17.1, show that the
Hall resistivity py at the extreme low temperatures has plateaus at various Landau-
level occupation ratios (electron density n./elementary flux density) v = p/q, odd
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Landau level occupation ratio
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Fig. 17.1 Fractional Quantum Hall Effect experiments, after Willett et al. [65, 66]

q, where the resistivity p (nearly) vanishes. In particular the plateau in py and the
drop in p are more distinctive at v = 1/3 than at v = 1 [67]. The plateau heights
are quantized in units of //e?. Each plateau is material- and shape-independent,
indicating the fundamental quantum nature and stability of the QHE state. The
stability arising from the energy gap is sometimes referred to as the incompress-
ibility of a quantum liquid in literature [68]. The ground state of the hetero-junction
GaAs/AlGaAs at the fractional ratios v = 1/¢, odd ¢, can be described in terms of
the Laughlin wavefunctions [69]. Zhang and others [70-75] discussed the QHE state
in terms of the composite bosons, each made up of an electron and an odd number
of elementary fluxes (fluxons). The same data shown in Fig. 17.1 indicate that py
is linear in B at v = 1/2, indicating a Fermi-liquid state. This state can simply be
described in terms of the composite fermions, each made up of an electron and two
fluxons [76-78].

A microscopic theory of the QHE can be developed in analogy with the theory of
high T, superconductivity [79]. We shall treat the QHE in book 3, Quantum Theory
of Conducting Matter: Quantum Hall Effect and Dissipations.

References

. H. Kamerlingh Onnes, Akad. V. Wetenschappen (Amsterdam) 14, 113 (1911).
. C.J. Gorter and H. B. G. Casimir, Physica 1, 306 (1934).

. E. London, Nature (London) 141, 643 (1938).

. E London, Superfluids, 1 and II (Dover, New York, 1964).

. W. Meissner and R. Ochsenfeld, Naturwiss 21, 787 (1933).

S O S



References 217

30.
31.
32.

33.
34.
35.
36.
37.

39.
40.

41.
42.
43.
44,
45.
46.
47.

48.

49.

50.

51.

52

. E London and H. London, Proc. Roy. Soc. (London) A149, 71 (1935).

. F. London and H. London, Physica 2, 341 (1935).

. S. Fujita and S. Godoy, 1. J. Mod. Phys. B12, 99 (1998).

. V. L. Ginzburg and L. D. Landau, J. Exp. Theor. Phys. (USSR) 20, 1064 (1950).

. A. A. Abrikosov, Sov. Phys. JETP 5§, 1174 (1957).

. H. Trduble and U. Essmann, J. Appl. Phys. 39, 4052 (1968).

. H. Frohlich, Phys. Rev. 79, 845 (1950).

. H. Frohlich, Proc. Roy. Soc. London A215, 291 (1950).

. C. A. Reynolds, B. Serin, W. H. Wright and N. B. Nesbitt, Phys. Rev. 78, 187 (1950).

. E. Maxwell, Phys. Rev. 78, 477 (1950).

. H. Yukawa, Proc. Phys. Math. Soc. Japan, 17, 48 (1935).

. S. Fujita and D. L. Morabito, Mod. Phys. Lett. B 12, 1061 (1998).

. L. N. Cooper, Phys. Rev. 104, 1189 (1956).

. J. Bardeen, L. N. Cooper and J. R. Schrieffer, Phys. Rev. 108, 1175 (1957).

. B. S. Deaver and W. M. Fairbank, Phys. Rev. Lett. 7, 43 (1961).

. R. Doll and M. Nébauer, Phys. Rev Lett. 7, 51 (1961) (experiment).

. L. Onsager, Phys. Rev. Lett. 7, 50 (1961).

. N. Byers and C. N. Yang, Phys. Rev. Lett. 7, 46 (1961) (theory).

. R. E. Glover III and M. Tinkham, Phys. Rev. Lett. 108, 243 (1957).

. M. A. Biondi and M. Garfunkel, Phys. Rev. 116, 853 (1959).

. L. Giaever, Phys. Rev. Lett. 5, 147 (1960).

. L. Giaever, Phys. Rev. Lett. 5, 464 (1960).

. L. Giaever, H. R. Hart and K. Megerle, Phys. Rev. 126, 941 (1961).

. S. Fyjita and S. Godoy, Quantum Statistical Theory of Superconductivity (Plenum, New York,
1996), p. 178.

A. Einstein, Sits. Ber. Berl. Akad. 3 (1925).

M. R. Schafroth, S. T. Butler and J. M. Blatt, Helv. Phys. Acta, 30, 93 (1957).

A.J. Leggett, in Modern Trends in Theory of Condensed Matter, A. Pekalski and J. Przystawa
eds. (Springer, 1980), pp. 14-17.

P. Nozieres and S. Schmit-Rink, J. Low Temp. Phys. 59, 195 (1985).

S. Fujita, T. Kimura and Y. Zheng, Found. Phys. 21, 1117 (1991).

P. C. Hohenberg, Phys. Rev. 158, 383 (1967).

B. D. Josephson, Phys. Lett. 1, 251 (1962).

B. D. Josephson, Rev. Mod. Phys. 36, 216 (1964).

. P. W. Anderson and J. M. Rowell, Phys. Rev. Lett. 10, 486 (1963).

R. C. Jaklevic, et al., Phys. Rev. 140, A 1628 (1965).

R. P. Feynman, R. B. Leighton and M. Sands, Feynman Lectures on Physics, Vol. III
(Addison-Wesley, Redwood City, CA, 1965), pp. 21-28.

R. P. Feynman, Statistical Mechanics (Addison-Wesley, Redwood City, CA, 1972).

S. Shapiro, Phys. Rev. Lett. 11, 80 (1963).

J. G. Bednorz and K. A. Miiller, Z. Phys. B. Cond. Matt. 64, 189 (1986).

M. K. Wu, et al., Phys. Rev. Lett. 58, 908 (1987).

W. L. McMillan, Phys. Rev. 167, 331 (1968).

P. B. Allen and R. C Dynes, Phys. Rev. 12, 905 (1975).

J. W. Halley, ed., Theory of High-Temperature Superconductivity (Addison-Wesley, Redwood
City, CA, 1988).

S. Lundquist, et al., eds., Towards the Theoretical Understanding of High-T Superconductiv-
ity, Vol. 14 (World Scientific, Singapore, 1988).

D. M. Ginsberg, ed., Physical Properties of High-Temperature Superconductors (World Sci-
entific, Singapore, 1989)-(series).

S. A. Wolf and D. M. Ginsberg, eds., Physical Properties of High-Temperature Superconduc-
tors (World Scientific, Singapore, 1989)-(series).

W. Z. Kresin, Novel Superconductivity (Plenum, New York, 1989).

. K. Kitazawa and T. Ishiguro, eds. Advances in Superconductivity (Springer, Tokyo, 1989).



218

53.
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.

66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
71.
78.
79.

17 Transport Properties Above T,

A. S. Alexandrov and N. F. Mott, Int. J. Mod. Phys. B 8, 2075 (1994).

A. S. Alexandrov, Phys. Rev. B 38, 925 (1988).

N. E. Mott, Phys. Rev. Lett. 71, 1075 (1993).

R. Friedberg and T. D. Lee, Phys. Rev. B 40, 1745 (1986).

P. W. Anderson, Science, 235, 1196 (1987).

V. J. Emery, Phys. Rev. Lett. 58, 2794 (1987).

H. Kamimura, S. Matsuno, Y. Suva and H. Ushio, Phys. Rev. Lett. 77, 723 (1996).
A. Sano, M. Eto and H. Kamimura, Int. J. Mod. Phys. B 11, 3733 (1997).

J. E. Hirsch, Phys. Rev. B 31, 4403 (1985).

J. E. Hirsch, Phys. Rev. Lett. 25, 1317 (1985).

F. C. Zhang and T. M. Rice, Phys. Rev. B, 37, 3759 (1989).

L. Onsager, Phys. Rev. 65, 117 (1944).

R. Willett, J. P. Eisenstein, H. L. Stérmer, D. C. Tsui, A. C. Gossard and J. H. English, Phys.
Rev. Lett. 59, 1776 (1987).

H. L. Stormer, D. C. Tsui and A. C. Gonssard, Phys. Rev. Lett. 48, 1559 (1982).
K. von Klitzing, G. Dorda and M. Pepper, Phys. Rev. Lett. 45, 494 (1980).

R. E. Prange and S. M. Girvin, eds., Quantum Hall Effect (Springer-Verlag, Berlin, 1988).
R. B. Langhlin, Phys. Rev. Lett. 50, 1395 (1983).

S. C. Zhang, T. H. Hansson and S. Kivelson, Phys. Rev. Lett. 62, 82 (1989).

R. B. Langhlin, Phys. Rev. Lett. 60, 2677 (1989).

S. Kivelson, D. H. Lee and S.-C. Zhang, Sci. Am. 274, 86 (1996).

S. M. Girvin and A. H. MacDonald, Phys. Rev. Lett. 58, 1252 (1987).

N. Read, Phys. Rev. Lett. 62, 86 (1989).

R. Shankar and G. Murthy, Phys. Rev. Lett. 79, 4437 (1997).

J. K. Jain, Phys. Rev. Lett. 63, 199 (1989).

J. K. Jain, Phys. Rev. B 40, 8079 (1989).

J. K. Jain, Phys. Rev. B 41, 7653 (1990).

S. Fujita, Y. Tamura and A. Suzuki, Mod. Phys. Lett. B 15, 817 (2001).



Chapter 18
Summary and Remarks

18.1 Summary

The six major properties of a superconductor are: zero resistance, sharp phase
change, Meissner effect, flux quantization, Josephson effects, and excitation-energy
gaps. These properties all arise from the motion of a supercondensate in the con-
ductor below the critical temperature 7. In the present text we have examined these
and other properties from a quantum statistical mechanical point of view.

The microscopic cause of the superconductivity is the phonon exchange attrac-
tion. Under certain conditions (see blow), electrons near the Fermi surface form
Cooper pairs (pairons) by exchanging phonons. Let us take a typical elemental
superconductor such as lead (Pb), which forms an fcc lattice. The virtual phonon
exchange between a pair of electrons can generate an attraction if kinetic energies
of the electrons involved are all close to each other. This exchange can generate
an attractive transition (correlation) between “electron”(or “hole”) pair states whose
energies are separated by twice the limit phonon energy hwp, where wp is the Debye
frequency. Exchanging a phonon can also pair-create £ pairons from the physical
vacuum. Phonons are electrically neutral, and hence, the states of two electrons
between which a phonon is exchanged must have the same net charge before and
after the exchange. Because of this, if the Fermi surface is favorable, then equal
numbers of & pairons are formed in the conductor. The phonon-exchange attraction
is a quantum field theoretical effect, and hence it cannot be explained by considering
the potential energy alone. In fact the attraction depends on the kinetic energies of
electrons. Pairons move independently with a linear dispersion relation:

wy =wo +cq <0, (18.1)
where c is (2/m, 1/2)vf for (2, 3)D, vy the Fermi velocity (magnitude), and

_ —2hwp
0= exp(2/voN(0)) — 1

(18.2)

is the ground-state energy of a pairon. Pairons’ motion is very similar to photons’.
Unlike photons pairons have charges + 2e, and the total number of & pairons in a
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superconductor is limited. At 0K the superconductor may contain great and equal
numbers of stationary =+ pairons all condensed at zero momentum.

The most striking superconducting phenomenon is a never-decaying supercrrent
ring. In the flux quantization experiment, a weak supercurrent goes around the ring,
enclosing a number of fluxons (magnetic flux quanta). Here, macroscopic numbers
of & pairons are condensed at a momentum.

_ 2mhn
‘Zn - L £

(18.3)

where L is the ring circumference and n a quantum number (0, =1, £2,...) such
that the flux ¢ enclosed by the ring is || times the flux quantum ®y = (h/2e):

h
O =n®y=n—. (18.4)
2e

The factor 2e means that the charge (magnitude) of the current-carrying particle
is twice the electron charge e, supporting the BCS picture of a supercondensate
composed of pairons of the charge (magnitude) 2e.

The macroscopic supercurrent generated by the supercondensate in motion is
not stopped by impurities. This condition is somewhat similar to the situation in
which a flowing river (big object) is perturbed but cannot be stopped by a stick
(small object). The fact that small perturbations cause no energy loss arises from
the quantum nature of the superconducting state. The change in the condensed state
requires redistribution of a great number of pairons. Furthermore, the supercurrent
state can refocus by itself if the perturbation is not too strong. This is a bosonic
effect peculiar to the condensed bosons moving with a linear dispersion relation.
This self-focusing power is the most revealing in the Josephson interference, where
two supercurrents macroscopically separated up to 1 mm apart can interfere with
each other just as two laser beams from the same source. Thus, there is a close
similarity between supercurrent and laser.

In the steady state realized in a circuit containing superconductor, resistor, and
battery, all flowing currents are supercurrents. These supercurrents run in the thin
surface layer characterized by the penetration depth A (~ 500 A), and they keep
the magnetic field off the interior (Meissner effect). The current density j in the
superconductor can be represented by

(1/2)eno('? — vV (3D)
= (18.5)
2/m)eny(w — v, (2D)

where ng is the total density of condensed pairons. The + pairons move in the
same direction, but their speeds are different, and hence the net current does not
vanish. If a magnetic field B is applied, the Lorentz-magnetic force tends to sep-
arate £ pairons. Hence, there is a critical magnetic field B,.. The supercurrent by
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itself generates a magnetic field, so there is a critical current. The picture of a
charge-neutral moving supercondensate explains why the superconducting state is
not destroyed by the applied voltage. Since there is no net charge: Q9 = 0, no
Lorentz-electric force Fg can act on the supercondensate: Fr = QE = 0. Thus,
the supercurrent is not accelerated, so it can gain no energy from the voltage.

The system of free pairons (bosons) moving with the linear dispersion relation
undergoes a B—E condensation at the critical temperature 7, given by

1.01 hvpny” (3D)
kT, = (18.6)
1.24 hvgn)*. (2D)

The condensation transition in 3 (2) D is a phase change of second (third) order.
The heat capacity in 3D has a discontinuity at 7.. Below 7, there is a supercon-
densate made up of + pairons condensed at zero momentum. The density of the
condensed pairons increases to the maximum ng as temperature is lowered to-
ward 0 K. The quasi-electron in the presence of the supercondensate has the energy
(5,% + A?)!/2_The gap A in this expression is temperature-dependent, and it reaches
its maximum Aj at 0 K. The maximum gap Ay can be connected to the critical
temperature 7, by

200 = 3.53kpT. (18.7)

in the weak coupling limit. Phonon exchange is in action at all time and at all
temperatures. Thus, two quasi-electrons may be bound to form moving pairons.
Since quasi-electrons have an energy gap A, excited pairons also have an energy
gap &,, which is temperature-dependent. The pairon energy gap £,(7) grows to its
maximum equal to the binding energy of a Cooper Pair, |wy|, as the temperature
approaches 0 K.

Moving pairons have negative energies, while quasi-electrons have positive ener-
gies. By the Boltzmann principle, the moving pairons are therefore more numerous
than the quasi-electrons, and these pairons are the predominant elementary exci-
tations below 7. Pairon energy gaps &, strongly influence the heat capacity C(7T')
below T.. The C(T) far from T, shows an exponential-decay-type T-dependence
due to the pairon energy gap &,; the maximum heat capacity C,,, at T is modi-
fied by a small but non-negligible amount. The energy gap ¢, between excited and
condensed pairons can be probed by quantum-tunneling experiments. The thresh-
old voltage V, in the I-V curve for an S-I-S system can be connected simply
with &,:

Vi = ¢&4(T)/e. (18.8)
This allows a direct observation of the energy gap £,(T) as a function of 7.

Compound superconductors have optical and acoustic phonons. The Cooper
pairs formed, mediated by optical phonons bridging between “electron”-like and
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“hole”-like Fermi surfaces, have smaller linear sizes & (~ 50 A). These supercon-
ductors show type II behavior. The critical temperature 7, tends to be higher for
compound superconductors than for elemental superconductors, since smaller-size
pairons can be packed more densely.

Cuprate superconductors have layered lattice structures. Conduction electrons
move only in the CuO; planes. Since they are compounds, =+ pairons can be gener-
ated with the aid of optical phonons bridging between “electron”-like and “hole”-
like 2D Fermi surfaces. The pairon size is small (~ 14 Afor YBCO), and the pairons
may, therefore, be packed even more densely. The critical temperature 7., based on
the model of free massless bosons moving in 2D, is given by Equation (18.6). The
interpairon distance ro = n; /2 is much smaller in cuprates than in elements, and
the Fermi velocity vp is smaller, making the critical temperature 7, higher. The
cuprate superconductors are therefore called the high-temperature superconductors
(HTSC). Since the pairon size is small, the Coulomb repulsion between two elec-
trons is not negligible. This generates two energy gaps (A, A,) for quasi-electrons
and two energy gaps (&1, &) for moving pairons. Thus, the I-V curves for high T,
are asymmetric and generally more complicated.

We have treated all superconductors in a unified manner, starting with a gen-
eralized BCS Hamiltonian H and taking account of electron and phonon energy
bands. The underlying assumption is that &= pairons are generated from the physical
vacuum by emission and absorption of virtual phonons. Alkali metals like Na have
spherical Fermi surfaces and have “electrons” only, and hence, they cannot have +
pairons, and hence they are not superconductors. Multivalent non-magnetic metallic
elements can generate & pairons near hyperboloidal Fermi surfaces, so they are most
often superconductors.

18.2 Remarks

In the text we have discussed primarily chemically-pure, lattice-perfect, bulk-size
superconductors. Many important superconducting properties arise in imperfect ma-
terials. We briefly discuss some of these properties in the following subsections.

18.2.1 Thin Films

If the dimension of a sample in some direction is less than the penetration depth
A, as in a thin film, the superconductor’s critical temperature is a little higher than
in a bulk sample. This may be explained as follows. Consider a very thin super-
current ring. The superconducting sample tends to expel any magnetic field at the
expense of the stored magnetic field energy. This expulsion is not complete be-
cause of the sample dimension; therefore stored magnetic energy density is less
than in bulk, making the superconducting state more stable and rendering 7, a little
higher.
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18.2.2 Nonmagnetic Impurities

A small amount of non-magnetic impurities neither hinder the supercurrent nor alter
the supercondensate density. This means that adding non-magnetic impurities does
no change 7, drastically. The impurities, however, significantly affect the coherence
length £ and the penetration depth A. These effects are often described by

el =gt A = h0E/6) (18.9)

where [ is the electron mean free path and (&, Ao) represent the values of (§, A) for
pure superconductor. According to this the addition of impurities makes & smaller
and A greater. This is experimentally supported by the fact that alloys like Pb-In,
show a type II behavior if the fraction x is made high enough.

18.2.3 Magnetic Impurities

Ferromagnetic elements such as iron (Fe) and nickel (Ni) are not superconductors.
These metals, of course, have electrons and phonons. Thus spontaneous magneti-
zation and the associated magnetic field are detrimental to the formation of Cooper
pairs. Injection of magnetic ions in a superconductor lowers the critical temperature
T, significantly. This may be understood as follows. A Cooper pair is made up of
electrons of up and down spins. The internal magnetic field destroys the symmetry
between up and down spins, which makes the pairon formation less favorable. The
field lowers the pairon density and the critical temperature.

18.2.4 Intermediate State

When a magnetic field H,, is applied along the axis of a cylindrical superconductor,
surface supercurrents are generated to shield the magnetic field from the body with
no energy loss. If the superconductor has a poor geometrical shape and/or the H,-
field is in the wrong direction, then it will be in the intermediate state, where normal
and superconducting domains are formed side by side. The actual domain structures
can be very complicated. We have avoided this complication completely in the text.

18.2.5 Critical Currents: Silsbee’s Rule

How much current can be passed through a superconductor without generating resis-
tance? This is an important question in devices and applications. As we mentioned
earlier the actual supercurrent configuration may be very complicated. It is recog-
nized that a superconductor loses its zero resistance when at any point on the surface,
the total magnetic field due to the transport current and the applied field exceeds the



224 18 Summary and Remarks

critical field B.. This is often called generalized Silsbee’s rule [1]. (The original
Silsbee’s rule, proposed by this author in 1916, refers to the case of zero external
field.) In our condensed pairon picture, a supercurrent is generated by the pairons
moving in the same direction with different speeds (c;, ¢2). An applied magnetic
field tends to separate these pairons by the Lorentz force. Silsbee’s rule is in accord
with this picture.

18.2.6 Mixed State: Pinning Vortex Lines

Type II superconductors are more useful in devices and applications than type I be-
cause the upper (or superconducting) critical field H., can be much higher than the
thermodynamic critical field. Between the lower and upper critical fields (H.;, H.»),
a type II superconductor allows partial penetration of magnetic flux lines (vortices).
Such a state is called a mixed state, distinct from the intermediate state discussed in
Section 18.2.4. Elementary vortices repel each other. If the vortex lattice is perfect,
there is no net current. In the actual current-carrying state, vortices are pinned by
various lattice imperfections, and the resulting inhomogeneous vortex configuration
generates a net supercurrent. In practice lattice imperfections are purposely intro-
duced in the fabrication processes, and the details of the flux (vortex)-pinning are
very complicated.

18.2.7 Critical Currents in Type II Superconductors

If the applied magnetic field H, is less than the lower critical field H,, the critical
current tends to decrease linearly with increasing field H,. (The same behavior is
observed in type I superconductors.) The associated B-field in the surface layer
tends to disrupt the motion of £ pairons by the Lorentz force, causing a linear
H,-decrease in the critical current. The practically important case, however, is the
one where the applied field H, is higher than H,; so that vortex lines penetrate the
body. Experiments indicate that the more imperfect the sample, the higher is the crit-
ical current. This behavior arises from flux-pinning by imperfections. Besides, the
transport current appears to flow throughout the whole body. The phenomena are
therefore quite complicated, but since this is very important in devices and applica-
tion, extensive researches are being carried out.

18.2.8 Concluding Remarks

The traditional statistical mechanical theory mostly deals with equilibrium proper-
ties, steady-state transport, and optical properties of a macroscopic system. When
a system contains super and normal domains or inhomogeneous pinning of vortex
lines, theories must be developed case by case. There is no unified theory dealing
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with such cases. Future challenging researche includes seeking higher 7,-materials
and raising critical currents for larger-scale applications. The authors hope that the
elementary quantum statistical theory of superconductivity presented here will be a
useful guide for the exciting future developments.
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Appendix A
Second Quantization

The most remarkable fact about a system of fermions is that no more than one
fermion can occupy a quantum particle state (Pauli’s exclusion principle). For
bosons no such restriction applies. That is, any number of bosons can occupy the
same state. We shall formulate the second quantization in which creation and an-
nihilation operators associated with each quantum state are used. This formalism
is extremely useful in treating of many-boson and/or many-fermion systems. It is
indispensable for the development of the superconductivity and quantum Hall effect
theories.

A.1 Boson Creation and Annihilation Operators

The quantum state for a system of bosons (or fermions) can most conveniently be
represented by a set of occupation numbers {n} with n, being the numbers of
bosons (or fermions) occupying the quantum particle-states a. This representation is
called the occupation number representation or simply the number representation.
For bosons, the possible values for n), are zero, one, two, or any positive integers:

no=0,1,2 . (A1)

The many-boson state can best be represented by the distribution of particles
(circles) in the states (boxes) as shown in Fig. A.1.

Let us introduce operators n, (without prime) whose eigenvalues are given by 0,
1,2, .... We assume that

[ng, np]l = nynp —npn, = 0. (A.2)

It is convenient to introduce complex dynamic variables 1 and n' instead of di-
rectly dealing with the number operators n. We attach labels a, b, .. . to the dynamic
variables 1 and n' associated with the states a, b, . .. and assume that 1 and n' satisfy
the following Bose commutation rules:

227
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Fig. A.1 A many-boson state
is represented by a set of
boson numbers {n}
occupying the state {p;}

R
—~
N A N A

P2 P11 Po P1 P2

--,n,=0,n,=0,n,=2,n=0,n,=1,--
Uas 101 =8ap»  [Mas Ml = [}, nj1=0. (A3)

Let us set
nina = na (= nb), (A4)

which is Hermitian. Clearly, n, = nl n, satisfy Equation (A.2).

We shall show that n, has as eigenvalues all non-negative integers. Let n’ be an
eigenvalue of n (dropping the suffix a) and |n’) an eigenket belonging to it. From
the definition

('l ln'y = n'@'In'). (A5)
Now (n'| nTn |n’) is the squared length of the ket |n’) and hence
('l n') = 0. (A6)
Also by definition (n'|n") > 0; hence from Equations (A.5) and (A.6), we obtain
n >0, (A7)
with the case of equality occurring only if
nln’y = 0. (A.8)

Consider now [, n] = [, n'n]. We may use the following identities:
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[A, BC]= B[A, C]+[A, BIC,

(A.9)
[AB, C] = A[B, C]1+[A, C]B,
and obtain
[, n'nl=n'ln, nl+ M, n'ln=n,  nn—nn. (A.10)
Hence
nn|n'y = —n)n') = (0" = Dn|n'). (A.11)

Now if n |n’) # 0, then 5 |n’) is, according to Equation (A.11), an eigenket of
n belonging to the eigenvalue n’ — 1. Hence for non-zero n’, n” — 1 is another
eigenvalue. We can repeat the argument and deduce that if n’ — 1 £ 0, then n’ — 2 is
another eigenvalue of n. Continuing this argument, we obtain a series of eigenvalues
n',n'—1,n"—2, ..., which can terminate only with the value 0 because of inequality
Equation (A.7). By a similar process, we can show from the Hermitean conjugate
of Equation (A.10): nnf — nfn = n' that the eigenvalue of n has no upper limit
(Problem A.1.1). Therefore, the eigenvalues of n are non-negative integers: 0, 1,
2,....(qe.d)

Let |¢,) be a normalized eigenket of n, belonging to the eigenvalue 0 so that

naloa) = ninalda) = 0. (A.12)

By multiplying all these kets |¢,) together, we construct a normalized eigenket:

Do) = [@a) ) -+ (A.13)

which is a simultaneous eigenket of all n belonging to the eigenvalues zero. This ket
is called the vacuum ket. It has the following property:

Na|Po) =0 for any a. (A.14)
Using the commutation rules (A.3) we obtain a relation (dropping suffix a)
'y = "' =n'eh (A.15)

which may be proved by induction (Problem A.1.2). Multiply Equation (A.15) by
n' from the left and operate the result on |®y). Using Equation (A.14) we obtain

n'nm""1e) = n'(n')"|9), (A.16)

indicating that (n7)" |/) is an eigenket belonging to the eigenvalue n’. The square
length of (n)" |¢) is
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@l Y 1¢) = n' (@I ('Y ) = - =n'L. (A.17)

We see from Equation (A.11) that n|n’) is an eigenket of n belonging to the
eigenvalue n’ — 1. Similary, we can show from [1, '] = n' that 5f|n’) is an eigenket
of n belonging to the eigenvalue n’ 4+ 1. Thus operator 7, acting on the number
eigenket, annihilates a particle while operator ' creates a particle. Therefore,
and n' are called annihilation and creation operators, respectively. From Equations
(A.16) and (A.17) we infer that if n/, nj, ...are any non-negative integers,

@ty )T Pl @by D) = 1, nh, ) (A.18)

is a normalized simultaneous eigneket of all the n belonging to the eigenvalues n,
nj, .... Various kets obtained by taking different n” form a complete set of kets all
orthogonal to each other.

Following Dirac [1], we postulate that the quantum states for N bosons can be
represented by a symmetric ket

S [l 1) | = loats -+ ). (A.19)

where S is the symmetrizing operator:

1
S= — P (A.20)
TR 2
and P are permutation operators for the particle-indices (1, 2, ..., N). The ket in

Equation (A.19) is not normalized but
(g - ) P - ag)s = |{n)) (A.21)

is a normalized ket representing the same state. Comparing Equations (A.21) and
(A.18), we obtain

|ttty - tg)s = mimp - | Dp). (A.22)

The unnormalized symmetric kets |o,ap - - - atg)s for the system can be con-

structed by applying N creation operators nj; nZ e ng to the vacuum ket |®p). So

far we have tacitly assumed that the total number of bosons is fixed at N'. If this
number is variable, we can easily extend the theory to this case. Let us introduce a
Hermitean operator N defined by

N=) nia=) na. (A.23)
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the summation extending over the whole set of boson states. Clearly, the operator N
has eigenvalues 0, 1, 2, ..., and the ket |o 0 - - - o) s 1s an eigenket of N belonging
to the eigenvalue N'. We may arrange Kets in the order of N', i.e., zero-particle state,
one-particle states, two-particle states, ... :

o), nfilPo),  mimplPo), - (A.24)

These kets are all orthogonal to each other. Two kets referring to the same number
of bosons are orthogonal as before, and two referring to different numbers of bosons
are orthogonal because they have different eigenvalues N’. By normalizing the kets,
we get a set of kets like (A.21) with no restriction on {n’}. These kets form the basic
kets in a representation where {n,} are diagonal.

Problem A.1.1. (a) Show that nn'—n'n = n', by taking the Hermitian-conjugation
of Equation (A.10) and also by using Equations (A.9). (b) Use this relation
and obtain a series of eigenvalues n’, n’ + 1, n’ + 2, ..., where n’ is an
eigenvalue of n.

Problem A.1.2. Prove Equation (A.15) by mathematical induction. Hint: use Equa-
tions (A.9).

A.2 Observables

We wish to express observable physical quantities (observables) for the system of
identical bosons in terms of 7 and 5 These observables are by postulate symmetric
functions of the boson variables.

An observable may be written in the form:

SHOE O =y £ 24 (A.25)
J i

where y\/) is a function of the dynamic variables of the jth boson, z/) that of the
dynamic variables of the ith and jth bosons, and so on.

First, consider ¥ = ), y/). Because y'/ acts only on the ket [«'”) of the jth
boson, we obtain

30 (I -l )

=3 (le)le®) ey ) @Dy Pl
(A.26)

The matrix element (| y) |ozg)) = (4| y |ety,) does not depend on the parti-

cle index j since we consider identical bosons. Summing Equation (A.26) over all
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Jj’s and applying operator S to the result, we obtain

SY (lo)1ar) --)

=> > S (le) a2y -l ) - ) (ol y ey,
j a

(A.27)

Because Y is symmetric, we can replace SY by Y S for the lhs. After straightforward
calculations, we obtain from Equation (A.27)

Yolnl, -+ ®o) =Y > nlnl,--nl minl o 1Do) (el y latx,)
i a

- Z Z na Z nxlnxz nx/ lnxj+l |¢0) 8hx <05a| y |ab>

(A.28)

Using the commutation rules and the property (A.14) we can show that
nenl i, - [ Do) = Z ity --onl nl e 1P}k, (A.29)

(Problem A.2.1). Using this relation, we obtain from Equation (A.28)
Yolnl, - 1®o) =Y " ninsleal ylew) (nl nl, - 190)) . (A.30)
Since the kets 7711 7712 -+ |®y) form a complete set, we obtain
Y =" ninplaalylas). (A31)
a b

In a similar manner Z in Equation (A.25) can be expressed by (Problem A.2.2)

Z=Y 33" ninbnancloaon] y lace). (A32)
a b c d
(@aap] y o) = (@ P12 10 o). (A.33)

Problem A.2.1. Prove Equation (A.29). Hint: Start with cases of one- and two-
particle-state kets.

Problem A.2.2. Prove Equation (A.32) by following those steps similar to (A.27)-
(A.31).
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A.3 Fermion Creation and Annihilation Operators

In this section we treat a system of identical fermions in a parallel manner.
The quantum states for fermions, by postulate, are represented by antisymmetric
kets:

a

a, - arg)a = A (laDef?) 1)) (A34)

where

1
=Y spP, (A.35)
N

is the antisymmetrizing operator, with §p being +1 or —1 according to whether P
is even or odd. Each antisymmetric ket in Equation (A.34) is characterized such that
it changes its sign if an odd permutation of particle indices is applied to it, and the
fermion states a, b, ..., g are all different. Similar to a boson system, we can intro-
duce observables ny, ny, ... each with eigenvalues O or 1, representing the number of
fermions in the states o/, o, . . . respectively. The many-fermion occupation-number
state can be represented as shown in Figure A.2.

We can also introduce a set of linear operators (17, n'), one pair (1,, nl) for each
state «,, satisfying the Fermi anticommutation rules:

as 1j} = Namh+ 0na = Sas» nas o} = nl nf} = 0. (A.36)
The number of fermions in the state «, is again represented by

ng = '7:577:4 = ”2 (A.37)

Fig. A.2 A many-fermion
state is represented by the set m m/\
of the numbers {n} \ j \ j\ /

occupying the states P_y  P_i Do 1 I
{p; =2xhL™!j}. Eachn; is
restricted to 0 or 1 2 T >0 | > 2
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Using Equations (A.36), we obtain

ny = ninanine = nj(1 = nindne = nine =na or n;—n,=0. (A38)
If an eigenket of 1, belonging to the eigenvalue 7/, is denoted by |n/,), then Equa-
tion (A.38) yields

(n2 —ny)n.) = (n/a2 —n))ln,) =0. (A.39)

Since |n,) # 0, we obtain n/,(n/, — 1) = 0, meaning that the eigenvalues n/, are
either O or 1 as required:

n,=0orl. (A.40)
Similarly to bosons, we can show that
ltatty -+ o) a = My - -t Do), (A41)

which is normalized to unity.

Observables describing the system of fermions can be expressed in terms of op-
erators 1 and n'f, and the results have the same forms as for the case of bosons,
Equations (A.31) and (A.32).

In summary both states and observables for a system of identical particles
(fermions, bosons) can be expressed in terms of creation and annihilation opera-
tors. This formalism, called the second quantization formalism, has some notable
advantages over the usual Schrodinger formalism. First, the permutation-symmetry
property of the quantum particles is represented simply in the form of Bose commu-
tation (or Fermi anticommutation) rules. Second, observables in second quantization
are defined for an arbitrary number of particles so that the formalism may apply to
systems in which the number of particles is not fixed but variable. Third, and most
importantly, all relevant quantities (states and observables) can be defined referring
only to the single-particle states. This property allows us to describe the motion
of the many-body system in the 3D space. We shall explain this in the following
section. This is a natural description. In fact, relativistic quantum field theory can be
developed only in second quantization.

A.4 Heisenberg Equation of Motion
In the Schrodinger Picture (SP), the energy eigenvalue equation is

H|E) = E |E), (A.42)

where H is the Hamiltonian and E the eigenvalue. In the position representation
this equation is written as
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H()Cl, —iha/axl, X2, —iha/GXQ, e )\I’(xl, X2, * ) = E\I’, (A43)

where W is the wave function for the system. We consider a one-dimensional motion
for conceptional and notational simplicity. [For a three-dimensional motion, (x, p)
should be replaced by (x, y, z, px, py, p;) = (r, p).] If the number of electrons N
is large, the wave function W contains many electron variables (xi, x5, - - - ). This
complexity in dealing with many electron variables can be avoided if we use the
second quantization formulation and the Heisenberg Picture (HP), which will be
shown in this section.
If the Hamiltonian H is the sum of single-particle Hamiltonians:

H=>"n", (A.44)

this Hamiltonian H can be represented by
H= ZZ ol hles) imy = ZZhah nims, (A45)

where 1, (nl) are annihilation (creation) operators associated with particle-state a
and satisfying the Fermi commutation rules.

In the HP a variable £(¢) changes in time, following the Heisenberg equation of
motion:

- h@ [H, €]= Ht —&H. (A.46)

Setting &€ = nl, we obtain

dn) )
— ik, gl (A.47)

whose Hermitian conjugate is given by

dn,
in!

— M= —
r = ([H, n,D" = —[H, nal. (A.48)

By postulate the physical observable £ is Hermitian: £ = &. Variables n, and ni
are not Hermitian, but both obey the same Heisenberg equation of motion.

We introduce Equation (A.45) into Equation (A.47), and calculate the commu-
tator [H, nl]. In such a commutator calculation, identities Equations (A.9) and the
following identities:



236 Appendix A Second Quantization

[A, BC]={A, B}C — B{A, C},
(A.49)
[AB, C] = A{B, C} —{A, C}B,

are very useful. Note: The negative signs on the right-hand terms in Equations
(A.49) occur when the cyclic order is destroyed. We obtain from Equations (A.47)
and (A.48)

T
—ihddZ“ =Y heyInlme, nf1 =" hepninp, nj} =) heanl (A50)
c b c b c

dng
B =3 hyene. (A51)

dt:

Equation (A.50) means that the change of the one-body operator nl is determined
by the one-body Hamiltonian 4. This is the main advantage of working in the HP.
Equations (A.50) and (A.51) are valid for any single-particle state {a}.

In the field operator language Equation (A.51) reads

Y (r,t)
Jt

in = h(r, —ihd/Ir)Y(r, 1), (A.52)

which is formally identical to the Schrédinger equation of motion for a particle. The
Y represents a field operator, however.
If the system Hamiltonian H contains an interparticle interaction

V= %f ar f &' v =)y e a0y, Dy o). (A.53)

the evolution equation for 1 (r, ¢) is nonlinear (Problem A.4.2):

oY(r,t)
ot

ih

= h(r, —ihd/or)y¥(r, 1)

+/ Erivee — )i, D, g (r, o). (A.54)

In quantum field theory the basic dynamical variables are particle-field operators.
The quantum statistics of the particles are given by the Bose commutation or the
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Fermi commutation rules satisfied by the field operators. The evolution equations

of the field operators are intrinsically nonlinear when the interparticle interaction is
present.

Problem A.4.1. Verify that the equation of motion Equation (A.50) holds for
bosons.

Problem A.4.2. Use Equation (A.46) to verify Equation (A.54)
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